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Avant-propos

Cette theése a été financée par un contrat doctoral a I'Université Pierre & Marie Curie,
du 1°* février 2011 au 31 janvier 2014, et réalisée au Laboratoire de Statistique Théorique et
Appliquée (LSTA), et au Laboratoire Traitement et Communication de I'Information (LTCI).

Plan du manuscrit

Le Chapitre 1 de ce manuscrit vise le double objectif de présenter le cadre mathématique
des travaux de cette these et d’en synthétiser les principaux résultats. Nous présentons
tout d’abord la problématique de I'apprentissage statistique et les approches considérées :
théorie statistique de 'agrégation, approches oracle et minimax, contrainte de grande di-
mension, et les deux grandes familles d’estimateurs que sont les méthodes pénalisées et
les agrégés a poids exponentiels. Une majorité des résultats contenus dans ce manuscrit
s’'inscrit dans 'approche PAC-bayésienne, qui fait ensuite I'objet d'un rappel, ainsi que les
différentes implémentations présentes dans la littérature. Nous présentons enfin un pano-
rama des résultats issus de la these : agrégation PAC-bayésienne pour les modeéles additifs
et logistiques en grande dimension, agrégation non linéaire d’estimateurs de la fonction de
régression, modélisation bayésienne de I’hybridation de populations.

Le Chapitre 2 est la reproduction in extenso d’'un article publié dans Electronic Journal
of Statistics (Guedj and Alquier, 2013), écrit en collaboration avec Pierre Alquier (University
College Dublin). Nous présentons une approche PAC-bayésienne pour I’estimation dans les
modeles additifs de grande dimension. Les estimateurs introduits sont optimaux au sens
minimax (a un terme logarithmique preés), et sont implémentés dans le paquet pacbpred de
R (Guedj, 2013b).

Le Chapitre 3 transpose les techniques du chapitre précédent au probleme de 1’estima-
tion dans les modeéles logistiques en grande dimension, a I'aide d’outils PAC-bayésiens. Les
inégalités oracles qui y sont introduites justifient l'utilisation comme estimateur de 'agrégé
a posteriori de Gibbs. L'algorithme permettant de calculer cet estimateur est également pré-
senté.

Le Chapitre 4 est un travail réalisé en collaboration avec Gérard Biau (Université Pierre
& Marie Curie, et Institut Universitaire de France), Aurélie Fischer (Université Denis Di-
derot) et James D. Malley (National Institutes of Health). Nous proposons une stratégie non
linéaire d’agrégation d’estimateurs de la fonction de régression, soutenue par des résultats
oracles et une vitesse de convergence explicite. La méthode est également présentée dans
Biau et al. (2013) et implémentée dans le paquet COBRA de R (Guedj, 2013a).

Enfin, le Chapitre 5 reprend un article publié dans Molecular Ecology Resources (Gued;
and Guillot, 2011), en collaboration avec Gilles Guillot (Danmarks Tekniske Universitet).
Dans des travaux antérieurs au sujet de cette theése, nous introduisons une modélisation
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bayésienne spatiale de la présence d’hybridation génétique entre des populations. Cette ap-
proche est implémentée par des techniques de Monte-Carlo par chaines de Markov (MCMC)

dans le paquet Geneland de R.

Ce manuscrit se referme par une courte annexe contenant les principaux lemmes tech-
niques utilisés.
Avertissement

Les Chapitres 2 a 5 se présentent avec leurs propres notations et peuvent étre lus indé-
pendamment les uns des autres.



Chapitre 1

Etat de I’art et contributions

Ce mémoire de doctorat est consacré a I'’étude théorique et I'implémentation de procé-
dures d’agrégation d’estimateurs dans un contexte de grande dimension.

Sommaire

0 T O D L 11
1.1.1 Agrégation, approche oracle, théorie minimax . ............. 13
1.1.2 Approches pénalisées . . .. ... ... .. . ... ... ... .. ... 16
1.1.3 Approche a poids exponentiels. . . . . ... ... ... ... ....... 18
1.1.4 Approche PAC-bayésienne . . . ... ... .. ... ... ......... 21
1.1.5 Implémentations de 'agrégation a poids exponentiels . ... ... .. 22
1.2 Contributions . . . . . ...ttt ittt ittt ittt et 24

1.2.1 Approche PAC-bayésienne pour le modele de régression additive sous
contrainte de parcimonie . . . . . ... ... ... ... ... . ... 24

1.2.2 Approche PAC-bayésienne pour le modele de régression logistique
sous contrainte de parcimonie . . . . . ... ... ... ... ..., 27
1.2.3 Agrégation non linéaire d’estimateur (COBRA) . . ... ... ... .. 29
1.2.4 Modélisation bayésienne de I’hybridation de populations . . . . . . .. 32

1.1 KEtat de Part

Sur un espace probabilisé (2,.A,P), considérons une variable aléatoire (X,Y) a valeurs
dans X x Y et de loi inconnue P. Nous nommerons design (respectivement réponse) la va-
riable aléatoire X (respectivement Y), et nous nous limiterons au cas X < R?. Les deux pro-
blemes abordés dans ce manuscrit sont la régression (Y < R) et, dans une moindre mesure,
la classification (Y = N).

L'une des principales taches du statisticien consiste, 4 ’aide d’un n-échantillon D,, =
{X1,Y1),...,X,,Y,)} de réplications indépendantes et identiquement distribuées de (X,Y),
a inférer tout ou partie des propriétés de P. Cette formulation, bien trop vaste, n’admet pas
de solution générale : il est nécessaire de raffiner le contexte pour prétendre y répondre.
Une premiére approche repose sur ’hypothése que P appartient 4 un sous-ensemble res-
treint de 'ensemble des mesures de probabilités sur 'espace mesurable (X x Y, B(X x Y)), ou
B(X x Y) désigne la o-algeébre engendrée par les boréliens de X x Y. Il est par exemple com-
mode de supposer que P est une loi classique dont les parameétres sont a estimer ou que P
admet certaines propriétés de régularité. La seconde approche — adoptée dans ce mémoire
— est a 'origine de la théorie statistique de 'apprentissage, pendant théorique du machine
learning, développée initialement par Cervonenkis and Vapnik (1968) et formalisée, entre
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autres auteurs, par Vapnik (1998, 2000). Il ne s’agit plus de faire d’hypothéses sur P, mais
plutot sur 'ensemble des procédures a la disposition du statisticien. Le jeu consiste alors
non pas a approcher des quantités inconnues liées a P, mais & imiter le meilleur élément
de cet ensemble de procédures, au sens d’'un certain critére de contraste. Cette approche,
ouvrant la voie a la minimisation structurelle du risque empirique, est présentée dans de
trés nombreux travaux. Pour une introduction au sujet, nous renvoyons le lecteur aux ar-
ticles Bousquet et al. (2004) et Bartlett et al. (2004) et aux ouvrages Devroye et al. (1996)
et Hastie et al. (2009).

Les principaux objets d’intérét pour la régression et la classification different : il s’agit
respectivement de la fonction de régression

f: X - R
x — [E[YX=x],

et de ’ensemble des probabilités a posteriori :
{P(Y =kIX=x), xeX, keYl.

Si les méthodes d’apprentissage statistique cherchent globalement a “apprendre” le lien
entre design et réponse, différents points de vue peuvent étre envisagés. Considérons, a
titre d’exemple, le modele de régression linéaire Y = 0"X+ W, ou W désigne un bruit réel et
0 € R? le vecteur des ceefficients de la régression. Les trois principaux problémes a résoudre
sont les suivants :
¢ Identification du support, sélection de variables : estimer le support du vec-
teur O (i.e., les indices des composantes non nulles) pour sélectionner les covariables
d’intérét,
o Estimation : estimer le vecteur 0,
o Prévision : pour une réalisation x du design X, estimer f(x)=60"x.
Le contour de ces nuances est parfois flou dans la littérature, et nous les désignerons collec-
tivement dans la suite par problémes d’inférence.

Pour apprécier la pertinence d’'une stratégie d’apprentissage, il est classique d’adopter
le formalisme suivant, issu de la théorie de I'information. Considérons une fonction de perte
?:YxY—(0,00), le risque associé a un estimateur f de la fonction de régression f ou & un
classifieur f est

R(f)=E0(f(X),Y).

Comme ce risque dépend de la distribution inconnue P, il est souvent avantageux de lui
substituer sa version empirique construite sur I’échantillon D,,, notée

o 12 A
R, (f)= - Y UFX;), Y.
i=1

De trés nombreuses fonctions de perte ont été étudiées dans la littérature. Nous nous inté-
ressons dans ce mémoire aux trois fonctions classiques suivantes :

o 0: (u,v)— (u—v)? (perte quadratique),

o £: (u,v)— L4, (perte de classification),

o £: (u,v)— log[l+exp(—uv)] (perte logistique).
Précisons enfin qu’il existe différents controles théoriques dans la littérature. Reprenons
lexemple précédent du modele de régression linéaire : si § désigne un estimateur de 6,
chercher a borner |0 —9|§ correspond au probléme de I'estimation, alors que 1’'on cherchera a
controler |X(6—-6 )|§ pour valider une stratégie de prévision (|-|2 désigne la norme euclidienne
usuelle).
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1.1.1 Agrégation, approche oracle, théorie minimax

Face a la tres grande diversité de techniques d’inférence dans la littérature, a émergé
au cceur des années 1980 l'idée de les agréger pour tirer le meilleur parti de leurs avan-
tages respectifs (voir, par exemple, Vovk, 1990; Littlestone and Warmuth, 1994). Cette piste
de recherche s’est arrimée a la communauté statistique apres avoir été abondamment étu-
diée dans les communautés du machine learning, du traitement d’image, etc. Certaines des
principales procédures nées au cours des années 1990 comme le bagging (Breiman, 1996),
le boosting (Freund, 1990; Schapire, 1990) ou les foréts aléatoires (Amit and Geman, 1997;
Breiman, 2001 ; voir également Biau et al., 2008, Biau and Devroye, 2010, Genuer, 2010 et
Biau, 2012 pour un panorama récent) sont encore aujourd’hui largement plébiscitées pour
leurs performances expérimentales. Lagrégation a été au ceceur de nombreux travaux, por-
tant notamment sur 'estimation de densité (Rigollet, 2006; Rigollet and Tsybakov, 2007)
et la classification (Catoni, 2004; Audibert and Tsybakov, 2007; Lecué, 2007b,a). Nous nous
intéressons dans la suite de ce chapitre aux techniques d’agrégation dans le cadre de la
régression.

Le but est d’estimer la fonction de régression f par une combinaison d’éléments d’'un
ensemble connu appelé dictionnaire, composé de fonctions déterministes (par exemple une
base d’un espace fonctionnel comme L2(X)) ou d’estimateurs préliminaires. Cette approche
est particulierement pertinente lorsqu’on ne dispose d’aucune indication quant a la nature
des données. En notant le dictionnaire D = {1, ...,@p} avec ¢1,...,¢0p: X — Y, introduisons
I’espace vectoriel engendré par les éléments de D

M
"f@:{fg:Zej<pj:9=(91,...,9M)e®}, (1.1)
J=1

pour un certain ensemble de parametres © € R¥. Le choix de © dans (1.1) caractérise le
type du probleme d’agrégation, de sorte que nous sommes ramenés a choisir convenable-
ment un élément @ a l'aide de D,, tel que f = f4 soit un bon estimateur de f. La premiere
formalisation de la théorie statistique de 'agrégation — cadre de ce mémoire — remonte a
Nemirovski (2000), étendue depuis par de nombreux auteurs (voir par exemple la discussion
dans Yang, 2003, et le panorama dressé par Tsybakov, 2008). Il est d’'usage de distinguer
cinq grands types d’agrégation.
(1) Sélection de modéle (MS) : construire OMS tel que fous imite le meilleur des éléments

¢; de D. Dans ce cas,

®={eq,...,epm},
ou les e; sont les vecteurs de la base canonique de RM i.e., les vecteurs dont la j-éme
composante vaut 1 et toutes les autres 0. Ainsi f,, = ¢; pour tout j=1,...,M.

(2) Agrégation convexe (C) : construire 9° tel que fpc imite la meilleure combinaison
convexe des ¢, c’est-a-dire © = AM ot AM désigne le simplexe de RM :

M
AM:{B:(HL...,HM)EIRM:ZQJ:I, 0;>0, jzl,...,M}.
j=1

(3) Agrégation linéaire (L) : construire 6" tel que fou imite la meilleure combinaison
linéaire des ¢;, c’est-a-dire © = RM.

(4) Agrégation convexe sparse (CS) : construire 65 tel que faos imite la meilleure
combinaison convexe parcimonieuse des ¢;, c’est-a-dire que 6°S a exactement s com-
posantes non nulles, avec s € {1,..., M} petit devant M. En notant By(s) la boule de
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rayon s € {1,...,M} dans R¥ muni de la norme ¢ :

M
Bo(s) = {9 eRM:10lg= Y Lig,20) < s},
j=1

on obtient © = AM N By(s).

(5) Agrégation linéaire sparse (LS) : construire 85 tel que fpus imite la meilleure com-
binaison linéaire parcimonieuse des ¢;, c’est-a-dire © = RM By(s) avec la notation pré-
cédente.

Les deux derniers types d’agrégation sont au coeur des travaux présentés dans ce mémoire.
L'hypothése de parcimonie (on rencontre également I'anglicisme sparsité) signifie que la di-
mension effective de la fonction de régression n’est pas d mais dy < n. Ce paradigme s’est
imposé en apprentissage ces derniéres années avec ’émergence de ce que 'on appelle le
big data, qui se caractérise par le fait que les jeux de données sont gigantesques tant par
leurs tailles (n grand) que par la dimension des données (d grand). Ce cadre — habituel en
génétique, par exemple — se justifie & mesure que s’accumulent les indices empiriques de
représentation parcimonieuse de nombreux phénomenes en grande dimension : compres-
sion d’images, puces a ADN, etc.

Lutilisation massive des techniques d’agrégation a rendu nécessaire I'introduction de
nouveaux outils pour attester de la qualité des procédures proposées. Le contréle de la
performance des méthodes d’agrégation repose essentiellement sur la théorie minimax et
les inégalités oracles. Les inégalités oracles ont été développées initialement comme des
outils particulierement efficaces pour 'adaptation & un parametre inconnu, et dédiées a la
démonstration de propriétés statistiques d’estimateurs. Dans le cadre de agrégation, elles
sont au cceur de la notion de vitesse optimale d’agrégation ou vitesse minimax. On dira
d’un élément 0* € O (ou, de facon indifférenciée, de fy+) qu’il est un oracle pour le probleme
d’agrégation si

R(fg~) = inf R(fp),
0O

ou © dépend du probléme d’agrégation envisagé, comme exposé plus haut. Comme le risque
fait intervenir la distribution P inconnue, l'oracle 6* n’est bien sfir pas accessible. En re-
vanche, il est parfois possible de construire des estimateurs 6 qui imitent les performances
et le comportement de l'oracle 0* en terme de risque sans pour autant chercher a 'appro-
cher. Cette propriété est au cceur de la notion d’inégalité oracle :

R(fy) = Cinf {R(f)+ 2, u©®)},
avec grande probabilité, ou

ER(f) < Gggef) {R(fo)+ DMnm(O)}, (1.2)

ou, dans les deux cas, € = 1 est une quantité déterministe bornée et A, /() un terme rési-
duel indépendant de P, qui décroit vers 0 avec n. Dans une telle situation, le risque de f;
est du méme ordre que celui de 'oracle fy+, a la constante multiplicative C pres.

Le terme d’oracle et plus précisémment d’inégalité oracle a été introduit par Donoho
and Johnston (1994). Les premiers exemples d’inégalités oracles ont ensuite été développés
dans des articles proches (Donoho and Johnston, 1995; Donoho et al., 1995) dans lesquels le
risque de 'oracle R(fy+) était appelé risque idéal. Les inégalités oracles permettent d’obtenir
des propriétés non asymptotiques d’adaptation a 'oracle : en effet, lorsque I'oracle possede
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des propriétés statistiques intéressantes, I'inégalité permet de les transmettre a I'estima-
teur. Nous retrouvons ici le célebre compromis biais-variance : plus O sera grand (au sens
de l'inclusion), plus l'oracle sur ® aura de bonnes propriétés (i.e., la quantité infyce R(fp),
semblable a un biais, sera petite), au prix cependant d’'un terme résiduel A, 3/(0) d’autant
plus important. Il est donc en général impossible de minimiser a la fois les deux termes.
Pour les ensembles © donnés par les cinq types d’agrégation décrits précédemment, il est
alors naturel de chercher a obtenir le terme résiduel A, 3/(-) le plus petit possible. Cette
approche, utilisée par Yang and Barron (1999) pour I'estimation de densité et formalisée
par Tsybakov (2003) dans le cadre qui est celui de ce mémoire, a permis de définir les vi-
tesses minimax pour I'agrégation. Supposons que la fonction de régression f appartienne a
un espace fonctionnel F4 7, par exemple ol la dérivée d’ordre 8 est bornée par la constante
positive L. On dira d'une séquence ¢, 37,5 qu'elle est une vitesse optimale ou minimax s’il
existe deux constantes positives c et C, indépendantes de § et L et vérifiant :

sup {R(f3)—R(f)} <C¢nrp et infsup {R(f5)—R(f)}=chnip, (1.3)
fe?ﬁ,L 4 fe?ﬁ,L

ou infy; est I'infimum pris sur tous les estimateurs de f basés sur I'échantillon D,. Par
extension, un estimateur f; vérifiant (1.3) sera réputé optimal ou minimax sur Fgz. Le
cas des inégalités oracles en espérance (les inégalités en probabilité sont plus difficiles a
obtenir) du type (1.2) avec constante C = 1 (on parle alors d’inégalité sharp ou exacte) est
particuliérement intéressant puisqu’il permet de borner I'excés de risque R(fy) — R(f) et
d’évaluer les vitesses optimales correspondant aux cinq types d’agrégation (Tsybakov, 2003;
Rigollet, 2006), qui peuvent ainsi se reformuler de la facon suivante :

(1) Sélection de modeéle (MS) : construire OMS qui vérifie une inégalité oracle du type

ER(fpes) <, inf  {R(fo)+ 150}

ele1,...,em}

Notons que
inf R(fy)= min R(p)).

9€{e1,...,eM}

(2) Agrégation convexe (C) : construire OC qui vérifie une inégalité oracle du type

. C
ER(fe) < inf {R(fo)+ A0y, O)}. (1.4)

(3) Agrégation linéaire (L) : construire O qui vérifie une inégalité oracle du type

ER(fp)< inf {R(fo)+ AL 0}

(4) Agrégation convexe sparse (CS) : construire 0% qui vérifie une inégalité oracle du
type

X . Cs
ER(fyes)< _ inf. 0(s>{R(f6) +055,, O}, se(l,..., M.

(5) Agrégation linéaire sparse (LS) : construire 65 qui vérifie une inégalité oracle du

type

X . LS
ER(fps)< _inf O(S){R(f9)+ A @), s, M.
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: : MS C L CS LS TN .
Les vitesses optimales An’M, An’M, An,M’ An’M’S et An,M,S ont été, a notre connaissance,

explicitées pour un design déterministe ou aléatoire dans des modeles linéaires a bruit
gaussien avec une fonction de perte quadratique, et peuvent étre trouvées par exemple
dans Lecué (2007a) (notamment les liens entre vitesses optimales et hypothéses de marge),
Rigollet and Tsybakov (2011) et Tsybakov (2013). 11 est clair que

inf R(fg)< inf R(fg)< inf  R(fy),

HeRM feAM efer,....enr}

alors que bien souvent,
ANS0) < 188 1(0) < c2AT: 1/(6),

ou c1 et cg sont des constantes positives : il n’y a en général pas de hiérarchie qui se dégage
parmi les techniques d’agrégation.

1.1.2 Approches pénalisées

Le probléme de la minimisation du risque empirique

He arginf R, (),
0e®

a été l'objet d'un nombre considérable de travaux (voir par exemple Vapnik, 1998). Cette
approche, importante dans la littérature, se heurte a des difficultés pratiques : si © est
trop grand, il peut s’avérer impossible de calculer son minimum en un temps raisonnable
(probleme d’identifiabilité, ou de surapprentissage). De nombreux travaux cherchant a pal-
lier a cette difficulté ont donné naissance a une famille désormais classique d’estimateurs,
solutions du probléme de minimisation

0 € arginf {R,.(fo) +pen, (6)},
0e®

ou pen,(-) est un terme pénalisant la structure de ® et dépendant d'un parametre de régu-
larisation A > 0. Dans la suite, R, désigne le risque empirique basé sur la fonction de perte
quadratique ¢: (u,v) — (u — v)2:

12 12 M 2
Rn(fe):;Z(Yi_fe(Xi))2=;Z(Yi—zej(pj(Xi)) , 0€0. (1.5)
i=1

i=1 j=1

Il existe de nombreux types de pénalité. Pour la sélection de modéle, mentionnons le coeffi-
cient C, (Mallows, 1973), le critere AIC (Akaike, 1974) et les travaux de Barron et al. (1999),
Birgé and Massart (2001, 2007) ainsi que Arlot (2007), Massart (2007), Arlot and Massart
(2009), Arlot and Celisse (2010) et Arlot and Bartlett (2011), parmi beaucoup d’autres. Une
vaste majorité des méthodes pénalisées dans le cadre de 'agrégation a été introduite pour le
modele de régression linéaire Y =6'X + W, ou la variance du bruit W est supposée connue
(a 'exception notable de Giraud (2008); Dalalyan et al. (2013) dans le cas hétéroscédas-
tique, et Belloni et al. (2011); Dalalyan (2012); Giraud et al. (2012); Sun and Zhang (2012)
pour le cas homoscédastique). Nous présentons ci-dessous certaines des méthodes les plus
populaires :

(1) Pénalisation ¢y ou hard thresholding (BIC, Schwarz, 1978) :

6PIC € arginf {R,(fo) + A0lo}, A>0. (1.6)
0e®
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(2) Pénalisation ¢ ou soft thresholding (Lasso, Tibshirani, 1996) :

OLASSO ¢ arginf (R, (fo) + 11011}, A>0,
0e®

et 'une de ses nombreuses variantes, le fused Lasso pénalisant la variation totale de 6
(Tibshirani et al., 2005; Rinaldo, 2009) :

M
OFLASSO ¢ arginf {Rn(fa)+11|9|1 +A2) |9,~—9j_1|}, A=(A1,A2) €Ry xRy,
0e® j=2

Citons également dans cette famille le sélecteur de Dantzig (Candes and Tao, 2007;
Lounici, 2008; Bickel et al., 2009), le Group Lasso (Yuan and Lin, 2006), le bootstraped
Lasso (Bach, 2008a; Meinshausen and Bihlmann, 2010), le Smooth-Lasso (Hebiri and
van de Geer, 2010) dont la pénalité s’exprime par

M
peny: 00— A1l0l1+ A2 ) (6;—-6;-1)%, A=(A1,A9) € Ry xRy
j=2

(3) Pénalisation ¢, également connue comme régression ridge ou régularisation de Tikho-
nov (Hastie et al., 2009) :

0198 € arginf {R,(fg) + AIOI2}, A>0.
[ea(C)

(4) Une combinaison des pénalisations ¢1 + ¢2 ou elastic net (Zou and Hastie, 2005) :

"N e arginf {R,(fg)+ 111011 + 421013}, A =(A1,A2) €Ry xR,
6O

Ces approches sont judicieuses dans l'optique d’obtenir des inégalités oracles. En effet, elles
font naturellement apparaitre une approximation du terme de droite de I'inégalité oracle
(1.4) ou le risque R est remplacé par sa contrepartie empirique R, avec une pénalité pen,
impactant le terme de vitesse (minimax dans plusieurs cas).

Historiquement, la pénalisation ¢ a été parmi les premieres a étre étudiées. L'estima-
teur BIC présente 'avantage d’atteindre les vitesses minimax pour plusieurs problémes
d’agrégation (voir par exemple Bunea et al., 2007a). En revanche, son calcul est un pro-
bléeme NP-dur (il n’est pas résolvable en un temps polynomial) et nécessite une recherche
exhaustive sur 0O, le rendant hors de portée dés que M dépasse quelques dizaines.

Pour sortir de I'orniére algorithmique, de nombreux auteurs ont proposé de convexifier
le probleme d’optimisation a résoudre. C’est I’approche qui prévaut dans la construction des
estimateurs Lasso et variantes, elastic net, etc. Comme illustré par la Figure 1.1, la boule
unité pour la norme ¢, est convexe dés que p = 1. Les autres approches présentées ci-dessus
(Lasso, sélecteur de Dantzig, elastic net, etc.) proviennent de la relaxation convexe du pro-
bleme des moindres carrés (1.6). Ces estimateurs atteignent, dans des cas spécifiques, les
vitesses minimax pour certains des problémes d’agrégation (par exemple, le Lasso permet
de résoudre le probleme (MS), voir Massart and Meynet, 2011). De plus, ils sont obtenus
comme solutions d’'un probléme convexe ou linéaire et sont donc numériquement efficaces :
parmi les algorithmes les plus populaires pour résoudre ce probleme, citons lars (Efron
et al., 2004) et glmnet (Friedman et al., 2010). En revanche, et contrairement a I'estimateur
BIC, ces procédures n’ont des propriétés statistiques intéressantes (voir par exemple Bu-
nea et al., 2007b; Bach, 2008b; Lounici, 2008; van de Geer, 2008; Koltchinskii, 2010, 2011)
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que sous des conditions techniques bien souvent restrictives (hypotheéses de cohérence mu-
tuelle, condition restricted isometry property). Dans un modele de régression linéaire, ces
hypotheses impliquent typiquement que tous les sous-ensembles de régresseurs sont ap-
proximativement orthogonaux, ce qui est raisonnable lorsque 1’objectif est d’estimer le sup-
port de 0*, c’est-a-dire de déterminer les variables significatives dans un (potentiellement
grand) ensemble de régresseurs. Ce contexte devient en revanche restrictif lorsque 1'objec-
tif est de construire des algorithmes de prédiction, bien que des travaux récents se soient
attachés a affaiblir ces hypotheéses (Bickel et al., 2009; van de Geer and Bithlmann, 2009).

05

00

(A) Boule ¢

05

00

(B) Boule ¢4

05

00

-05 00 05

(c) Boule 49

FIGURE 1.1 — Boule unité de R? pour les normes ¢g, ¢ et £o.

Les méthodes pénalisées se divisent donc en deux : d’'une part, la pénalisation ¢, per-
met, sans hypotheses sur le design, d’atteindre les vitesses minimax pour les différents types
d’agrégation, mais I'estimateur BIC n’est pas calculable en pratique. D’autre part, les re-
laxations convexes permettent d’atteindre les vitesses minimax dans certains cas, et sont
numériquement efficaces, mais ce compromis n’est accessible qu’au prix d’hypothéses res-
trictives. La recherche de méthodes moins contraignantes préservant cet équilibre a motivé
Pouverture d’'une nouvelle ligne de recherche basée sur une approche d’agrégation d’estima-
teurs utilisant une loi a priori favorisant les solutions parcimonieuses.

1.1.3 Approche a poids exponentiels

Les méthodes d’agrégation exponentielles ont été introduites dans la communauté du
machine learning (Vovk, 1990; Littlestone and Warmuth, 1994; Kivinen and Warmuth,
1997) et étudiées en apprentissage par renforcement, en particulier pour construire des
prédicteurs dans des modeles de séquences individuelles (voir, parmi beaucoup d’autres ré-
férences, Cesa-Bianchi and Lugosi, 1999, 2006, Stoltz, 2005, 2010, et Gerchinovitz, 2011).
Dans ce cadre séquentiel oul les points de design (déterministes) arrivent progressivement a
la connaissance du statisticien, 'enjeu est de mélanger des prédicteurs ou experts pouvant
reposer sur divers parametres pour obtenir la meilleure prévision de la prochaine observa-
tion.

Dans le cadre stochastique qui nous intéresse, la méthode progressive mixture défendue
par Yang (2000) et Catoni (2004) pour I'estimation de densité et la régression a été nommée
“méthode de descente miroir avec moyennisation” (mirror averaging) par Juditsky et al.
(2005). Le principe de cet agrégat repose sur la théorie de 'optimisation convexe, et renvoie
plus spécifiquement aux algorithmes de descente de gradient dans I’espace conjugué (voir
Nemirovski and Yudin, 1983), auquels furent ajoutés des termes permettant de régulari-
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ser les poids successifs lorsque le nombre d’observations augmente. Cette approche a été
appliquée par Bunea and Nobel (2008) au probleme de la régression et par Lounici (2007,
2009) et Dalalyan and Tsybakov (2012a) sous contrainte de parcimonie. Les poids exponen-
tiels apparaissent enfin en contraignant les mises a jour des poids successifs a étre proches
au sens de la divergence de Kullback-Leibler. Nous présentons ci-apres ’estimateur mirror
averaging, qui meéne a l'agrégé a poids exponentiels EWA (exponentially weighted aggre-
gate).

Désignons par 7 une distribution a priori sur ©® muni de sa tribu borélienne notée 7.
Notons r;g, pour i = 1,...,n, le risque empirique du pré-estimateur fy mesuré sur les i
premiéres observations :

i
rig= 3 (Yr—foXp)? 0€0.
k=1
On définit ensuite les coefficients partiels
eXp(—ri,g/IB)

N , 0€0, 1.7
oo Joexp(—r;o/p)m(do’) (1.7)

pour un certain parametre de température > 0. On en tire 'expression des poids moyen-
nés :
wMA(g) —

S|+

n
Z w;g, 0€0O,
i=1

et 'estimateur mirror averaging est donné par

A

MA
f = féMA,

OMA = f@ 0wMA(0)n(d9). (1.8)

Cet estimateur possede de bonnes propriétés théoriques, sans conditions sur le design (voir
par exemple Juditsky et al., 2008). Le calcul de I'intégrale dans (1.8) est cependant une
gageure algorithmique dés que O est un espace compliqué, et son implémentation requiert
des simplifications par randomisation ou recherche dichotomique (Catoni, 2004).

Les travaux de Leung and Barron (2006) ont représenté une avancée théorique majeure,
permettant de s’affranchir de I'étape de moyennisation. Les poids EWA sont définis comme
suit :

exp(—nR,(0)/8)
Jo exp(—nR,(0"))n(do’)’

pour un certain parameétre de température § >0 et ou R,, désigne le risque empirique défini
par (1.5), et ’'on en tire I'estimateur EWA :

WEWA () =

FEWA
f = HEWA,

avec
GEWA f 0w EWVAO)7r(dh).
(€]

Le gain apporté par EWA est substantiel puisqu’il n’est plus nécessaire de construire les
n agrégés intermédiaires de (1.7). Leung and Barron (2006), en considérant une famille
d’indexation O finie (le cas d’espaces ©® continus et de grandes dimensions sera développé
par Dalalyan and Tsybakov, 2007, 2008, 2012b), produisent une inégalité oracle pour le
probleme (MS). Ce résultat porte sur des pré-estimateurs qui sont des projecteurs en les
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données, simplifiant considérablement 'implémentation puisqu’il s’agit de calculer des in-
tégrales unidimensionnelles. De nombreux travaux ont depuis démontré les trés bonnes ga-
ranties théoriques offertes par 'estimateur EWA, citons par exemple Alquier and Lounici
(2011); Arias-Castro and Lounici (2012); Tsybakov (2013). Mentionnons également 'estima-
teur Exponential Screening développée par Rigollet and Tsybakov (2012), dont le principe
est d’agréger des estimateurs de type moindres carrés dans tous les sous-ensembles de co-
variables, pénalisés par un prior favorisant les solutions parcimonieuses.

Les poids exponentiels peuvent étre envisagés de deux facons. La premieére est “quasi”-
bayésienne, et fait des poids exponentiels la densité de la distribution a posteriori par rap-
port au prior n. Linjection d’information via le prior va “tordre” les poids, en accord avec
leur adéquation aux données via le risque empirique. Nous y reviendrons dans la suite de
ce chapitre.

Une seconde interprétation, d’inspiration variationnelle, permet de faire le lien avec les
approches pénalisées, et est notamment défendue dans Rigollet and Tsybakov (2012). En
ne considérant plus des parameétres 6 € ©® mais des distributions sur ® muni de la tribu
engendrée par ses boréliens, notée T, et la divergence de Kullback-Leibler comme mesure
naturelle de divergence entre les mesures, les auteurs considérent le probléeme suivant :

0 € arginf {R,(fy) + pen(0)}. (1.9)
feAM
La minimisation sur le simplexe AM peut cependant étre difficile. Dés que ¢ est une fonction
convexe (ce qui est le cas de la perte quadratique), il vient

M
Z 0;R,.(pj)=R,(fp), 0€0O,
j=1
et Rigollet and Tsybakov (2012) propose de substituer au probléme (1.9) la formulation
suivante :
. M
6 € arginf { Y 0;R,(¢p))+ pen(e)}. (1.10)
feAM | j=1
Notons que cette substitution apparait également dans Catoni (2004). En assimilant les
vecteurs du simplexe AM a des probabilités sur {1,...,M}, on peut définir la divergence de
Kullback-Leibler entre 6 = (61, ...,03) et 1 = (71,...,7)7) par

M 0
KL@O,m)=)Y Hjlog(—J) > 0.
j=1 Ty
Fixons un parameétre de température § > 0, et une distribution a priori 7 € AM | Avec le
choix de pénalité pen(-) = BKL(:,7)/n, le probleme (1.10) devient

M

0e arginf{ 0;R,(p;)+ EIKL(H,JT)} .
feAM | j=1 n

Ce probleme d’optimisation convexe sous contrainte admet une unique solution. En effet, il

vient des conditions de Karush-Kuhn-Tucker (KKT) que les composantes 0 ; vérifient

A

0.
’)+u—5j=0, j=1,....M,

an((pj) +Blog| —
7y

ou U, 81,...,0 =0 sont les multiplicateurs de Lagrange et

M
éjz(), 5jéj=0, ZéjZI.
j=1
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Ces conditions conduisent a I'unique solution suivante :

- exp(-nRu(¢,)P)m;
Qj = =3 ,
Y exp(—nR,(pr)/ Py

i.e., les poids exponentiels. Rigollet and Tsybakov (2012) démontre, pour un design détermi-
niste, le caractere optimal universel des poids exponentiels pour les cing types d’agrégation.

1.1.4 Approche PAC-bayésienne

Comme nous l'avons vu, les approches pénalisées se concentrent pour une large part
sur les modeles linéaires et a design déterministe (voir de Castro, 2011, pour un panorama
récent). Les méthodes d’agrégation a poids exponentiels permettent d’envisager des modeles
plus généraux, et ont permis ’émergence d’'un nouveau paradigme, appelé PAC-bayésien.
Cette approche constitue un nouvel arsenal de techniques de preuves, proposant de placer
une structure sur les modeles a travers le prior 7 : a la pénalisation portant sur le vecteur
0 des parametres défendue par les approches pénalisées, se substitue ainsi une autre facon
de mesurer la complexité des modeles, basée sur la divergence de Kullback-Leibler. Le role
de ce prior équivaut a un certain choix de représentation de 'espace des parameétres.

Lidée centrale est d’obtenir des bornes sur le risque de régles de classification (on utili-
sera également 'anglicisme classificateurs) ou d’estimateurs bayésiens, et ceci de maniére
PAC (Probably Approximately Correct), c’est-a-dire en probabilité et avec un controle expli-
cite sur la borne inférieure de cette probabilité. Lacronyme PAC s’applique a toute stratégie
de choix d’'un prédicteur au sein d’'un ensemble, de sorte qu’avec grande probabilité, les pré-
visions soient approximativement aussi bonnes que possible. La couche bayésienne (voir
Robert, 2007, pour une introduction aux méthodes bayésiennes) intervient dans I'introduc-
tion du prior, et I'estimation du volume de I’espace des parametres qui soit consistant avec
I’échantillon d’appprentissage : cette approche produit des estimateurs a posteriori, contrai-
rement a I'analyse PAC “classique” qui développe des bornes a priori (voir par exemple
Valiant, 1984).

Comme précédemment, désignons par 7 une distribution de probabilité a priori sur
O. Pour un parameétre de température inverse 8 > 0, la distribution a posteriori de Gibbs
construite sur ’échantillon D,, est définie par :

pp(d6) x exp(—PBR,(0))7(dh).

La littérature sur le sujet s’intéresse essentiellement a deux estimateurs PAC-bayésiens :
le premier est 'estimateur randomisé

A

0~ pg,

et le second I'estimateur agrégé ou moyenne a posteriori
6° :f 0pp(d6) =E,,0.
]

Illustrons ici cette approche, par un résultat prouvé dans le Chapitre 2. Désignons par
M}r,n(G,‘.T) I'ensemble des mesures de probabilités sur (0, 7) absolument continues par rap-
port a 7, et considérons le modele de régression non paramétrique ¥ = f(X)+ W, ou W
désigne une variable de bruit. Sous des hypothéses faibles (existence d’'un moment exponen-
tiel, pour I'utilisation d’inégalités de concentration et propriété de bornitude de la fonction
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de régression et des éléments du dictionnaire), nous avons les inégalités oracles suivantes :
pour tout n € (0,1), avec probabilité au moins 1 -1,

R(fy)-R(f)

Kﬁ(p,n)+log%
R(f.)—R(f) —}, (1.11)

}s(1+6) inf {fR(fa)P(dH)—R(f)Jr
peM! ©,T) | Jo

ou € > 0 est une constante. Ce résultat généralise une inégalité proche démontrée dans Al-
quier and Biau (2013), et est a rapprocher de 'inégalité oracle exacte en espérance apportée
par Dalalyan and Tsybakov (2008) (les auteurs utilisent un schéma de preuve différent,
avec un design déterministe).

Les inégalités (1.11) s’interpretent de la fagon suivante. Pour un prior 7 et un parametre
de température inverse f fixés, avec grande probabilité, le risque des estimateurs PAC-
bayésiens est borné a une constante multiplicative pres par le meilleur des risques intégrés
et un terme de complexité de la mesure par rapport au prior. Notons que ce terme permet de
faire apparaitre des vitesses proches des taux minimax pour un choix convenable de prior,
comme présenté notamment dans le Chapitre 2.

La théorie PAC-bayésienne a été amorcée par les travaux de Shawe-Taylor and William-
son (1997) et McAllester (1999), qui ont introduit le principe d'un nouveau type de bornes en
classification. Ce principe a ensuite été étendu et formalisé par Catoni (2004), pour la clas-
sification et la régression sous perte quadratique, ou les vitesses atteintes sont minimax
optimales dans certains cas. Mentionnons également les travaux de Seeger (2002, 2003)
dans le cas de processus gaussiens. Les premiers résultats adaptatifs remontent a Audibert
(20044a,b), étendus ensuite dans Catoni (2007). La régression sous perte générale a été trai-
tée par Alquier (2006, 2008), et les techniques PAC-bayésiennes ont ensuite été étendues
dans le cadre de la théorie des processus (Alquier et al., 2012; Alquier and Wintenberger,
2012), aux martingales (Seldin et al., 2012), au modéle semi-paramétrique single-index (Al-
quier and Biau, 2013) et a la régression sous contrainte de parcimonie (Alquier and Lounici,
2011). En outre, Suzuki (2012) démontre que les techniques PAC-bayésiennes obtiennent
des vitesses rapides dans le cadre du multiple kernel learning.

Dans I'approche PAC-bayésienne, la marge de manceuvre du statisticien réside essen-
tiellement dans le choix du parametre §, et de fagon plus importante dans la construction
de la mesure a priori n. Cette mesure, dans le cadre de la grande dimension, portera ex-
clusivement ’hypothése de parcimonie et sa calibration est centrale pour faire apparaitre
les vitesses minimax, et pour la bonne tenue des versions implémentées. Une approche
devenue classique dans les méthodes bayésiennes en grande dimension est de pénaliser
exponentiellement la taille des modeéles visités : pour un réel a € (0,1) fixé,

-1
7(0) x a'fl M , 0€e0.
10lo

Nous proposons, dans les chapitres 2 et 3, des mesures a priori inspirées de ce choix. Plu-
sieurs travaux se sont attachés aux phénomenes liés a la trés grande dimension et a ’hypo-
these de parcimonie, nous renvoyons en particulier a Giraud (2008), Golubev (2010), Gaiffas
and Lecué (2011), Giraud et al. (2012) et Verzelen (2012).

1.1.5 Implémentations de 'agrégation a poids exponentiels

Comme nous 'avons vu, les approches d’agrégation a poids exponentiels dans le cadre
stochastique bénéficient depuis la fin des années 2000 de solides garanties théoriques et
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se présentent ainsi comme de sérieux compétiteurs des méthodes pénalisées. En revanche,
si leur implémentation ne pose pas de difficulté quand I’ensemble d’indexation © est de
cardinalité petite, les poids exponentiels ont longtemps souffert de la concurrence algorith-
mique du Lasso, notamment quand O est de cardinalité trés grande, ou continu. Dans ces
contextes, il est hors de portée de calculer explicitement les intégrales potentiellement de
grandes dimensions, et la meilleure stratégie consiste a les approximer a I'aide de méthodes
dites de Monte-Carlo.

Ces méthodes jouissent d'une trés grande popularité dans de larges pans de la statis-
tique contemporaine. Nous renvoyons aux monographies Robert and Casella (2004), Ma-
rin and Robert (2007), Meyn and Tweedie (2009) et aux nombreuses références qu’elles
contiennent, ainsi qu’a Particle Andrieu and Thoms (2008). Nous présentons ci-apres trois
implémentations récentes d’approches a poids exponentiels, visant a concurrencer les im-
plémentations du Lasso et d’autres méthodes pénalisées.

La premiere approche, baptisée Langevin Monte Carlo et formalisée dans ce contexte
par Dalalyan and Tsybakov (2012b), propose de remplacer la notion de chaine de Markov
par celle de diffusion. Comme I’estimateur cible peut étre interprété comme I’espérance sous
la distribution a posteriori p, il s’agit d’approcher

0 =E40.

Supposons que l'on puisse écrire p ox expoV pour une fonction V (appelée potentiel) suffisa-
ment réguliére. L'équation différentielle stochastique

dL,;=VV(L,)dt+V2dW,, Lo=6y, t=0,

admet une unique solution, appelée diffusion de Langevin, avec W = (W;);~¢ un mouvement
brownien M-dimensionnel et 6y un vecteur de RM, typiquement le vecteur nul dans ce qui
suit. La diffusion L = (L;);~¢ est un processus Markovien homogéne (Rogers and Williams,
1987). Sous certaines conditions précisées dans Dalalyan and Tsybakov (2012b), la distribu-
tion stationnaire de cette diffusion présente la propriété remarquable d’avoir pour densité
expoV par rapport a la mesure de Lebesgue, et il est alors raisonnable d’approcher E;0 par

_ 1 rT
LT=—f L.dz, (1.12)
T Jo

la vitesse de convergence étant de 'ordre de 1/v/T. Pour approximer cette intégrale, les
auteurs proposent un schéma de discrétisation d’Euler, obtenant

Lypy1=VV(Lp)+V2hWy, Lo=0y, k=0,...,|T/h]-1,

pour un pas de discrétisation &, et ou W1, Wy, ... sont des vecteurs gaussiens normalisés de

RM et |x] désigne la partie entiére de x. Lintégrale dans (1.12) est alors approchée par
. 1 |T/R-1
Lrp=—7r Ly,
’ | T/h] kg(’)

qui est donc un estimateur de . Cette stratégie a notamment été adaptée au probleme de
traitement d'image par méthodes a patchs (Salmon and Le Pennec, 2009a,b; Salmon, 2010).

Les deux autres approches sont des variations de 'algorithme de Metropolis-Hastings,
dont nous présentons dans ce chapitre une version générale (Algorithme 1.1) dans un souci
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Algorithme 1.1 Algorithme de Metropolis-Hastings

1: Input: [),AHO, Tnin, Tmax-

2: Qutput: 6.

3: Initialiser 6@ = 6.

4: fort=1,...,Tynx do

5. Générer v suivant k(O D).
6

oW — v, avec probabilité R 09D, v)
1 6%V, avec probabilité 1-R(OP,v)
™ 6(y)k(y,x)
R(x,y) =min (1, A—) )
’ Bk, )
7: end for

8: Moyenner la chaine apres T, itérations (burnin) : 6= + T_““‘”‘ oD,
Tmax - Tmm t= Tmin +1

de lisibilité. Rigollet and Tsybakov (2011) proposent, pour 'estimateur Exponential Scree-
ning, une version adaptée aux sparsity patterns, ou le noyau de transition k(-,-) se réduit a la
distribution uniforme sur les patterns voisins. Ce noyau, en particulier, est symétrique, sim-
plifiant les calculs du ratio d’acceptation de Metropolis-Hastings. Cette méthode se compare
tres favorablement a différentes variantes du Lasso dans Rigollet and Tsybakov (2011), ce-
pendant pour des tailles d’échantillon et de dictionnaire modestes (n v M < 500).

Alquier and Biau (2013) adaptent 'algorithme Reversible Jump Monte Carlo Markov
Chain (RIMCMC) introduit par Green (1995) au cas de la grande dimension pour le modéle
semi-paramétrique single-index. Le noyau de transition favorise dans ce cas des sauts entre
modeles de dimensions différentes, et tente a chaque pas de l'algorithme de rajouter ou
d’enlever une covariable, dont le pouvoir explicatif influe sur le ratio d’acceptation. Notons
que le choix du noyau % est crucial, et aura un impact déterminant sur la convergence de
la chaine et ce d’autant plus que la dimension de ® sera importante. Un choix astucieux de
noyau se concentrera en particulier sur des portions restreintes de I'espace O, en lien avec
I'hypothése de parcimonie.

1.2 Contributions

Les travaux présentés dans ce manuscrit sont regroupés en quatre chapitres. Les deux
premiers étendent la méthodologie PAC-bayésienne au modele de régression additive (Cha-
pitre 2) et de régression logistique (Chapitre 3), dans un contexte de grande dimension. Le
Chapitre 4 introduit une stratégie originale d’agrégation non linéaire d’estimateur de la
fonction de régression. Enfin, le Chapitre 5 représente une incursion vers d’autres travaux,
de modélisation bayésienne de 'hybridation de populations.

1.2.1 Approche PAC-bayésienne pour le modele de régression additive
sous contrainte de parcimonie

Le modele de régression additive s’écrit comme suit : en conservant les notations intro-

duites dans ce chapitre,
d
Y = ij(Xj)+W.
j=1
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Cette formulation non paramétrique, étudiée notamment par Stone (1985), Hastie and Tib-
shirani (1986, 1990) et Hardle (1990), représente un bon compromis analytique entre une
approche purement paramétrique et le modele non paramétrique simple Y = f(X) + W. De
plus, la décomposition additive des covariables permet d’en expliquer les effets sur la ré-
ponse de facon bien plus intuitive. Sans perte de généralité, supposons X = (-1,1)¢. Sur la
base d’un échantillon D,, = {(Xy,Y1),...,(X,,Y,)} de réplications i.i.d. de (X,Y’), nous propo-
sons de construire une stratégie d’estimation de la fonction de régression f(X7i,...,Xg) =
Z?zl fi(X;). Pour cela, on se munit d’'un dictionnaire D = {¢1,...,¢x}, de fonctions connues
é1,...,0r: (=1,1) — R. Notre ensemble d’estimateurs est

d K
Fo = {fe =) ) Opdr: 9:(911,-~-,elK,921,---,9dK)E@},
j=1lk=1

ot © < R st 'ensemble des paramétres. Notre stratégie ne fait pas d’hypothese sur le
design X, et se démarque en ce sens d’autres travaux portant sur I'utilisation du Lasso et
de variantes pour le modele additif en grande dimension (Meier et al., 2009, Ravikumar
et al., 2009, Koltchinskii and Yuan, 2010 et Suzuki and Sugiyama, 2013 essentiellement).
En 'espéce, nous n’avons besoin que des deux hypotheses suivantes (| - |, désigne la norme
du supremum) :

Hypothese 1.1. Pour tout entier k = 1, E[[W|*1 < oo, E[W|X] = 0 et il existe deux constantes
positives L et o2 telles que pour tout entier k = 2,

k!
E[|W|*1X] < EUZLH.

Hypothese 1.2. 1] existe une constante C > max(1,0) telle que |f | < C.

Ces hypotheses sont relativement faibles : en particulier, il est important de souligner
que ’hypothese 1.1 est vérifiée si W est une variable gaussienne. Lhypothése de bornitude
de la fonction de régression joue un roéle central dans les approches PAC-bayésienne, et
permet d’utiliser une inégalité de concentration de type Bernstein. Notons également que
cette hypothése est plus qu'un simple prérequis technique : si la dimension effective de la
fonction de régression est encore importante devant n, la bornitude de f et des fonctions
de Fg permet d’obtenir des vitesses bien plus rapides, comme expliqué dans les travaux de
Raskutti et al. (2012).

Dans le cadre de la grande dimension (d > n), 'estimation effective n’est généralement
possible qu’au prix d’'une hypothése de parcimonie. En ’espéce, cela revient a supposer que
I'ensemble {f; #0: j = 1,...,d} est de cardinalité faible devant n. Comme précédemment,
nous considérons, sous la fonction de perte quadratique, pour une mesure de probabilité
a priori m sur ® muni de sa o-algébre borélienne, et pour un parametre de température
inverse > 0, la distribution a posteriori de Gibbs :

exp(—BR,(fp))n(dO)
Joexp(=BR,(fo))n(do")’

et les deux estimateurs considérés sont ’estimateur randomisé

pp(do) =

0~ pp,
et estimateur agrégré ou moyenne a posteriori

eazfgep,;(de)ztEﬁﬁe.
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Nous considérons deux types de prior. Le premier consiste a pénaliser uniquement le nombre
de régresseurs f;, et non leur expansion sur le dictionnaire D. Si I'on note m = (m1,...,mq)
le vecteur codant le développement de chaque estimateur de f; (c’est-a-dire m; € {0,...,K}
pour tout j =1,...,d), le prior prend la forme

1--% d ' o 1
1 _ —a Z-: m;
n-(do) = E o dil )d+1 (|S( )|) a=i=1 V—Ol(Brln(C))ﬂ{@eB},,(C)}/lm(d@)’

meM 1 - (m
ou M est I'ensemble des modeles {me {0,...,K}d}, BL(C) 1a boule ¢; dans R™ de rayon
C,S(m)={j: m; #0}, a €(0,1/2) et A la mesure de Lebesgue dans R™. Ce choix revient
a considérer des modeles emboités : I'estimateur de f; est construit sur les m; premiéres
fonctions du dictionnaire D. En d’autres termes, 7! pénalise les modeéles ayant trop de ré-
gresseurs.

Une seconde approche consiste a chercher des développements parcimonieux sur le
nombre de régresseurs et sur le développement des estimateurs dans le dictionnaire D.
Le prior prend alors la forme suivante :

_ 1=k d -1 Je -1 1
2(do) = l-a 1S(m,)|
(do) = ;j
" mgM 1— (al—a_"“)d“ (IS(m)I) j(—:IS_([m) (IS(mj)|) « Vol(BL(C))

l-a

% Ligesy,cpAm(dO),
avec les notations m = (my,...,my) € {0, 1})9K ot m; =(mj1,...,m g) €{0, 1K et
S(m):{mj;fO, Jjefl,...,d}}, S(mj)z{mjk;éo, ke{l,....K}}.

Ce second prior pénalise donc le choix d’un certain ensemble de variables parmi dK (qui
est supposé immense devant n). Une fois les régresseurs et leurs expansions choisies, le
vecteur 6 est tiré uniformément sur la boule ¢; de rayon C dans le modele courant.

Sous les hypothéses 1.1 et 1.2, nous prouvons dans le Chapitre 2 les résultats suivants :

Théoréme 1.1. Pour le choix m = 111, et tout € € (0,1), nous avons avec probabilité au moins
1-—¢,

R(f;)-R(f) }

R~ R(F) <(1+D)inf inf {R(fg)—R(f)+

IS(m)I1 ( p )
meM geBl (0,0)

8IS am)|
log(n) Z m +1og(2/6)}

n

+

jeS(m)
o D > 0 est une constante.

Théoréme 1.2. Pour le choix m = %, et tout € € (0,1), nous avons avec probabilité au moins

1-¢,
R(fé)—R(f)} . . { ~ 1S (m))| ( p )
R(fp-R(p) [ SATD L (B0 -RO+ = log| (g
, log(nk) S Sty + log(2/¢) } ’
jeS(m) n

ot D > 0 est une constante.
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Ces résultats prouvent que s’il existe au moins un modele “petit” dans la collection M,
cest-a-dire un modele m tel que, d'une part, } jcgm)m; et |S(m)| sont petits devant dK,
et d’autre part, pour 6 € Blln(C ), le risque de l'oracle fy est proche du risque R(f), alors les
risques des estimateurs PAC-bayésiens f; et f3. sont égalements proches de celui de f, a des
termes en log(n)/n et log(d/|S(m)|)/n pres. Par suite, si f est effectivement parcimonieuse,
notre stratégie offre de bonnes garanties d’estimation.

Si de plus, nous supposons que les f; appartiennent a des espaces fonctionnels de régu-
larité suffisante, nous pouvons montrer 'optimalité au sens minimax de nos estimateurs.
D désigne désormais le systéme trigonométrique, et S* est 'ensemble des régresseurs non
nuls. Supposons que pour tout j =1,...,d, f; appartienne a l'ellipsoide de Sobolev de para-
metres r; et d;, définie par

W(r;j,d;)= {fELz([—l,l]): f=) Orpr et Zi%'@? de},
k=1 i=1

ol les d; sont choisis de sorte que }_ g+ \/d; < CV6/n, et les ri,...,rjs+ = 1 sont inconnus :
le résultat suivant fait des deux estimateurs PAC-bayésiens des estimateurs adaptatifs
quasi-optimaux au sens minimax (a un terme log(n) pres).

Théoréme 1.3. Pour le choix m = 11\, et tout € € (0,1), nous avons avec probabilité au moins
1-—¢,

K

R(f;)-R(f) }< Z,Jhl(log(n))zr;i& 1S* log(d/IS*])  log(2/e)
R(fp—R(p) | =A+DY L 4, ¥ ¥

jes* 2nr; n n

o D > 0 est une constante.

Limplémentation des deux estimateurs exige d’échantillonner selon la distribution g :
nous proposons dans le Chapitre 2 une approche de type Metropolis-Hastings, ou le noyau
de transition favorise les mouvements dans un voisinage du modele courant, au sens de
Pajout ou de la suppression d’'un régresseur ou de termes dans son expansion sur D. Cette
approche, inspirée par les travaux de Carlin and Chib (1995), Hans et al. (2007), Petra-
lias (2010) et Petralias and Dellaportas (2012), est présentée dans l'algorithme 2.1. La
Figure 1.2 présente deux examples d’estimation de la fonction de régression. Le paquet
pacbpred (pour PAC-Bayesian Prediction, Guedj, 2013b) implémente ! notre stratégie.

1.2.2 Approche PAC-bayésienne pour le modele de régression logistique
sous contrainte de parcimonie

Le modele de régression logistique bénéficie depuis longtemps, et dans des domaines
d’applications variés (médecine, génomique, sociologie, parmi de nombreux autres), d'une
grande popularité. Ce modele s’écrit comme suit : Y est une variable aléatoire a valeurs
dans {+1}, et en notant

p(x)=P(Y =1]X=x), pour tout x € R,

le modele “classique” de régression logistique suppose que

d
logit p(x)= ) 0;x;, xeR?, (1.13)
j=1

1. http://cran.r-project.org/web/packages/pacbpred/index.html
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FIGURE 1.2 — Deux exemples d’estimation (rouge) de la fonction de régression (noir), sur
les quatre premiéres covariables.

ou logit (a) = log ;% pour tout a € (0,1). Dans le cas n > d, I'estimation par maximum de
vraisemblance est implémentée dans de nombreux logiciels de statistique et ne présente
pas de difficultés. En revanche, dans le contexte de grande dimension n <« d, cette approche
n’est plus accessible. Des travaux récents ont montré que l'utilisation de techniques de
régularisation de type ¢1 (van de Geer, 2008; Meier et al., 2008; Kwemou, 2012) permettait
d’obtenir de bonnes garanties théoriques des estimateurs, qui sont de plus calculables en
temps raisonnable. Hélas, cette approche nécessite, comme dans le cas de la régression
linéaire, de drastiques conditions de régularité sur la matrice de Gram (cohérence mutuelle
des covariables, restricted isometry property).

Nous démontrons dans le Chapitre 3 que l'utilisation des techniques PAC-bayésiennes
permet, sans conditions sur le design, d’obtenir également de solides résultats théoriques.
Les preuves présentées dans le Chapitre 3 utilisent une inégalité de concentration dans
Pesprit du Lemme A.2, adaptée au cas de la perte logistique et présentée dans le Lemme A.3.

La formulation du modele logistique présentée en (1.13) est adaptée a I'utilisation de
versions du Lasso. Nous adoptons ici une formulation plus générale :

d
logit p(x) = Y fi(x;), x€eRY, (1.14)
j=1

ou les f1,...,fq sont des fonctions R — R. Nous cherchons donc a estimer la fonction de lien
Z?:l fj, et Tapproche présentée dans le Chapitre 2 y est bien adaptée. Considérant donc un
dictionnaire D = {¢1,...,¢p} de fonctions R — R connues, 'ensemble des estimateurs que
nous étudions est

d M
Jo= {fe => ) Ojppr: 9:(911,~~-,61M,921,~~~a6dM)EQ},
j=1k=1

ot1 © < R est ensemble des paramétres.
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Dans la suite de 'approche présentée dans le Chapitre 2, considérons une mesure a
priori n sur 'espace © muni de la tribu engendrée par ses boréliens. Pour un paramétre de
température inverse > 0, la mesure a posteriori de Gibbs est définie par

pp(d0) o< exp(—pnR,(fg))n(dO).

Sous la seule hypothése que I'on sache borner (au sens du supremum) les éléments de Fg,
nous obtenons le premier résultat suivant.

Théoreme 1.4. Pour tout € € (0,1),

c2(p)

P|R(fz) =
fo 01(ﬂ)pe3vt£ ,,(9 B(@))

{f R(f9)p(d6) + 2XLbo,m) | 21°g(2/€)}] >1-¢,

Bnca(B)  Pnca(p)
ot c1(P) et ca(P) sont des constantes.

Il s’agit de ’analogue du résultat classique rappelé en (1.11), pour le modele de régres-
sion logistique.
De plus, définissons le prior 7 comme suit :

2(d)= Y Ve

(1.15)
meM l1-a

|m|o

avec a €(0,1), Basjm),(r) désigne la boule ¢5 de rayon r dans RMImlo et V(r) son volume, et M
est ensemble des modeles, c’est-a-dire M = {0, 1}%. Sous ’hypothése technique (et classique
dans la littérature PAC-bayésienne) que pour un certain modéle m, 6 appartient a la boule
Buiml,(r), nous prouvons le résultat central du Chapitre 3 :

Théoreme 1.5. Pour tout € € (0,1),

P|R(fs) < == c2b) inf {R(fg)+

c1(B) MEM O€B ymyy (1)

ﬁnrcz(ﬁ)C’))

M 1+1lo
[ 'm'°( ( 2M\mlo

Bnca(B)

1
+|m|010g(|i|0) + Imlolo,cg;(l/oz)+log(1 ) +10g(2/£)] } =1-=¢.

Notons que bien que nous soyons dans un contexte profondément différent, nous parve-
nons a faire apparaitre les vitesses optimales de convergence, de I'ordre de |m|¢/n.

Le Chapitre 3 se referme par une section dédiée a 'implémentation effective de notre
méthode (voir Algorithme 3.1). Il s’agit d’'une adaptation de I'approche présentée dans le
Chapitre 2.

1.2.3 Agrégation non linéaire d’estimateur (COBRA)

Comme on I'a vu, une part importante des travaux issus de cette thése a consisté a
étendre la méthodologie PAC-bayésienne. Nous abordons ici une stratégie (inspirée par les
travaux de Mojirsheibani, 1999, en classification supervisée) qui se veut une alternative
aux techniques d’agrégation existantes. Plutoét que de construire une combinaison linéaire
ou convexe d’estimateurs de la fonction de régression (dont nous changeons la notation,
dans la suite du chapitre, en r*), nous les utilisons comme indicateurs de distance entre
échantillon d’apprentissage et nouveaux points de design. Pour un nouveau point de design
X, nous considérons qu'un point de I'échantillon d’apprentissage en est proche si 'ensemble
des estimateurs prédisent pour ces deux points a distance au plus €, ou ¢ est un seuil fixé,
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FIGURE 1.3 — Exemple d’agrégation non linéaire de deux estimateurs.

correspondant a un parametre de lissage. La prédiction faite pour le point X est alors la
moyenne des réponses des points d’apprentissage proches. Cette définition informelle est
illustrée par la Figure 1.3.

Présentons maintenant la méthode plus en détails. Supposons que 'on dispose d'un
échantillon d’apprentissage D, = {(X1,Y1),...,(X,,Y,)} de réplication i.i.d. de (X,Y) a va-
leurs dans R? x R. Nous coupons cet échantillon en deux sous-échantillons, notés Dy, et Dy :
sur Dy, nous construisons M estimateurs de la fonction de régression r*, notés ry, 1,...,7% m-
Insistons ici sur un point saillant de notre approche : ces estimateurs peuvent étre paramé-
triques, semi-paramétriques ou non paramétriques. N'importe quelle stratégie d’estimation
(suggérée par le contexte expérimental ou le statisticien) est acceptable, a 'unique condition
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qu’elle soit capable, sur la base de D, de fournir une estimation de r*. Ces estimateurs “pri-
mitifs” — appelés également machines dans le Chapitre 4 — sont fixés par le statisticien.
Nous définissons notre estimateur final 7', nommé collectif de la régression, par

4
T, (p(x) =Y W, ;®Y;, xeR?, (1.16)
i=1

avec la notation ry =(ry 1,...,7 n) et ou les poids aléatoires W), ;(x) sont définis par

LM (GO —r i Kl )

Wa,i(®)= = : (1.17)

Lo @)= Kl )

J=1

avec €/ > 0. Lioriginalité de cette approche réside dans le fait que l'estimateur final de
la fonction de régression dépend de facon non linéaire des estimateurs primitifs. A notre
connaissance, il n’y a pas de technique comparable dans la littérature portant sur ’'agréga-
tion.

Avec la fonction de perte quadratique, et sous des hypotheéses techniques (vérifiée par
exemple dés que les machines sont bornées), nous obtenons en particulier le résultat sui-
vant.

Théoréme 1.6 (Biau et al., 2013). Si e, ¢~ 7%, alors

E| T, (0 (X)) - r*(X)|* < min E |y, %) - P X%+ e,

pour une certaine constante positive C indépendante de k.

Ce résultat porte plusieurs enseignements. Tout d’abord, ’estimateur combiné T, est
asymptotiquement aussi bon que le meilleur estimateur initial, au sens de l'erreur qua-
dratique moyenne. De plus, cette inégalité oracle exacte fait apparaitre un terme rési-
duel de vitesse satisfaisant dans notre cadre : comme le nombre de machines M est fixé,
le terme ¢~2M+2) ggt négligeable devant la vitesse non paramétrique classique ¢~ 2(d+2),
par exemple. Bien sir, des vitesses plus rapides peuvent étre atteintes si la distribution
de (X,Y) peut étre approchée de fagcon paramétrique, cependant notre stratégie est concue
pour des problémes de régression plus périlleux. Insistons ici sur le fait que contrairement
a d’autres approches, comme les méthodes pénalisées en norme ¢4, il n’est fait ici aucune
hypothése sur le design, et les conditions portant sur les estimateurs initiaux sont faibles.

En particulier, il est important de noter que si I'un des estimateurs initiaux est consis-
tant, c’est-a-dire que pour un certain my,

E|rhm,X)—r*X)|* =0 quand k — oo,
alors I'estimateur combiné T',, hérite de cette consistance :

lim E| T (X)) (0] =0,

Notre procédure d’agrégation non linéaire offre ainsi une alternative aux techniques exis-
tantes, permettant au praticien de mélanger des estimateurs tres différents quand il se
retrouve confronté a un probleme difficile.

Cette approche est implémentée dans le paquet pour le logiciel R COBRA (acronyme
de COmBined Regression Alternative, Guedj, 2013a), téléchargeable gratuitement 2. Nous

2. http://cran.r-project.org/web/packages/COBRA/index .html
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présentons dans le Chapitre 4 un protocole de validation expérimentale conséquent, dé-
montrant les excellentes performances de COBRA, en terme d’erreur de prédiction et de
temps de calcul (le paquet sait nativement tirer parti des architectures multi-cceur). Nous
menons ensuite une étude comparative avec 'algorithme “Super Learner” (van der Laan
et al., 2007; Polley and van der Laan, 2010), ainsi qu’avec 'agrégation a poids exponentiels.
Les figures 1.4 et 1.5 représentent des exemples d’exécution du paquet. Notons que la ver-
sion implémentée fait intervenir une définition plus générale des poids que celle introduite
en (1.17). En effet, il était demandé a ’ensemble des machines de tomber d’accord sur I'im-
portance des points Y; intervenant dans la moyenne (1.16). Nous relachons cette contrainte
d’'unanimité, en modifiant les poids de la fagon suivante : pour une fraction «a € (0,1),

1

l
. M
J=1 o1 Lirg 01 Xi<ep =M a}

M
X1 Lirg @y Xpise 1 ZM a}

Wh,i(x) =

Autrement dit, il suffit qu'une proportion au moins @ des machines place x a distance (au
sens de la métrique sur les machines) au plus ¢, de X; pour que Y; contribue a la prédic-
tion de la réponse de x. Cette proportion a peut étre interprétée comme une mesure de
I’homogénéité de I’ensemble des machines initiales.

10
1

Risk

1 machine

2 machines
3 machines
4 machines
5 machines
© —— 6 machines
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0 2 4 6 8 10 12
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FIGURE 1.4 — Exemple de calibration des parametres €, et a. Le point en gras détermine
le couple (e¢, a).

1.2.4 Modélisation bayésienne de I’hybridation de populations

Nous présentons enfin dans le Chapitre 5 des travaux antérieurs a cette these, effectués
sous la direction de Gilles Guillot (Associate Professor, Danmarks Tekniske Universitet). Ces
travaux visaient a modéliser 'hybridation de populations par des techniques de type MCMC
(Guedj and Guillot, 2011).

L'apparition de méthodes d’inférences adaptées aux volumes gigantesque des données
collectés dans des problemes de génétique des populations est relativement récente. Une
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FIGURE 1.5 — Exemple d’erreurs quadratiques. De gauche a droite : Lasso, régression ridge,
k-plus proches voisins, algorithme CART, foréts aléatoires, COBRA.

partie des travaux s’est concentrée ces derniéres années sur la modélisation du phénomeéne
d’hybridation : le génome d’un individu donné n’est pas nécessairement issu d'un seul bas-
sin (pool) génétique, mais de plusieurs suffisamment différenciés, dans des proportions a
estimer. Rappelons dans les lignes qui suivent la modélisation classique de I’hybridation
(admixture model) introduite dans les logiciels Structure (Pritchard et al., 2000) et Gene-
land (Guillot et al., 2005, 2009).

Supposons que les individus de I’échantillon soient porteurs d’alléles provenant de K
populations distinctes, caractérisé par des fréquences alléliques différentes. Désignons par
z =(z;¢) la matrice des génotypes, ou z;y = (z;¢1,2i¢2) désigne le génotype de I'invidivu i au
locus 2, et f1¢, est la fréquence de I'allele a au locus ¢ au sein de la population %. Introdui-
sons la matrice g = (g;z), ou g;; est la proportion du génome de 'individu i provenant de
la population % (ainsi 22{:1 q;r = 1). Il est important de noter que bien que chaque individu
se verra in fine affecter un label parmi {1,...,K} dans notre approche inférentielle, la réa-
lité est plus nuancée, et ce label désigne le cluster dont la proportion est majoritaire dans
son génome. En supposant que les deux alleles portés par le méme locus de chromosomes
homologues sont indépendants, la vraisemblance pour un individu diploide s’écrit

K

LGiolfo@) =Y Qikfrezin frezin@— Lzio1 = zic2)).
k=1

Pour un individu haploide,
K
LGielf, @)=Y qinfrez,-
k=1

De plus, en supposant que les différents loci sont indépendants,

n L
LIF,) =] 1] £Gielf, ).
i=10=1
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L'approche défendue par Geneland, contrairement a Structure, intégre une dimension spa-
tiale. Nous faisons 'hypothése que les différentes populations sont relativement homogénes
spatialement. Un exemple du modele spatial reposant sur la tesselation de Poisson-Voronoi
est présenté dans la Figure 1.6.

FIGURE 1.6 — Exemple de K = 2 populations simulées a partir d'un modele a priori de
Poisson-Voronoi. Les points représentent les lieux d’échantillonage des individus (les sym-
boles repérent les populations). Dans un souci de lisibilité, les réalisations du processus
poissonnien qui gouverne la tesselation sont masquées.

Le travail présenté dans ce chapitre intégre I’hybridation dans Geneland. Notre ap-
proche est la suivante : supposons que chaque vecteur (i.e., chaque individu) des proportions
d’hybridation q; = (qik)f::1 suit une distribution de Dirichlet D(a;1,..., a;x). Désignons par
d;; la distance (euclidienne) de l'individu i au cluster k (en particulier, la distance d’'un
individu a son cluster est nulle). Nous supposons la relation déterministe

ai;p = aexp(—dik/b).

Un exemple de simulation suivant ce modele est donné dans la Figure 1.7. Le modeéle hié-
rarchique complet est quant a lui présenté dans la Figure 1.8.

Ce modele est proche de celui présenté par Durand et al. (2009), cependant notre stra-
tégie d’estimation est radicalement différente. Les quantités inconnues dans la Figure 1.8
(notamment le nombre de clusters K) sont estimées de facon bayésienne et nous proposons
une implémentation par MCMC.

Par rapport a la version implémentées dans les versions de Geneland antérieures a la
3.3.0, trois nouveaux parametres sont a estimer : q, a et b. L'idée la plus naturelle consiste
a les estimer de facon jointe, avec les autres parameétres (nombre de clusters, parameétres
de la tesselation, fréquences alléliques notamment). La trés grande dimension des objets
en question, et les difficultés pratiques d’estimer conjointement K et ¢ = (g;z) nous ont
cependant fait préférer une approximation en deux étapes : la chaine de Markov que nous
lancons a pour distribution stationnaire la distribution de (q,a,b) conditionnellement aux
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FIGURE 1.7 — Les points repérent la position des individus échantillonnés sur un domaine.
Quatre populations sont présentes : les cercles pleins désignent les individus dont le génome
est “pur”, et les cercles creux les individus dont le génome est hybride : dans ce cas la couleur
désigne la population majoritaire dans le génome.

données et aux autres parameétres du modele obtenus avec un premier appel a Geneland
sous le modele sans hybridation.

Un exemple d’estimation de ¢ est présenté dans la Figure 1.9. Des simulations étudiant
I'impact des parametres a, b et L notamment sont présentées dans le Chapitre 5. En parti-
culier, notre méthode se montre efficace méme pour de faibles valeurs de L, c’est-a-dire dans
la situation ou peu de matériel génétique est disponible pour attester de la différenciation
génétique. Bien sir, les performances déclinent lorsque b devient grand : la dépendance
spatiale est alors lache et I’hypothése d’homogénéité spatiale n’est plus vérifiée. C’est, en
d’autres mots, le prix a payer pour l'utilisation d'un modele spatial.

Notre approche présente donc I'avantage de modéliser explicitement la présence d’une
zone d’hybridation (c’est-a-dire d’'une singularité spatiale de la variabilité génétique), et
d’estimer ainsi 'intensité et la portée du phénomeéne.
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FIGURE 1.8 — Graphe acyclique dirigé du modéle proposé. Les lignes continues (respecti-
vement pointillées) symbolisent des dépendances stochastiques (respectivement détermi-
nistes). Les données et les hyperparameétres fixés sont placés dans des carrés, et les para-
metres estimés sont dans des cercles. La ligne pointillée verte encadre nos contributions.
Les autres éléments sont empruntés aux modélisations de Structure ou Geneland.

Average error on ¢ : 0.009
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Chapitre 2

PAC-Bayesian Estimation and
Prediction in Sparse Additive
Models

Abstract. The present chapter is about estimation and prediction
in high-dimensional additive models under a sparsity assumption
(p > n paradigm). A PAC-Bayesian strategy is investigated, deliv-
ering oracle inequalities in probability. The implementation is per-
formed through recent outcomes in high-dimensional MCMC algo-
rithms, and the performance of our method is assessed on simulated
data.
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This chapter has been published in Electronic Journal of Statistics (Guedj and Alquier,
2013).

2.1 Introduction

Substantial progress has been achieved over the last years in estimating very high-
dimensional regression models. A thorough introduction to this dynamic field of contem-
porary statistics is provided by the recent monographs Hastie et al. (2009) and Biihlmann
and van de Geer (2011). In the popular framework of linear and generalized linear mod-
els, the Lasso estimator introduced by Tibshirani (1996) immediately proved successful. Its
theoretical properties have been extensively studied and its popularity has never wavered
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since then, see for example Bunea et al. (2006), van de Geer (2008), Bickel et al. (2009) and
Meinshausen and Yu (2009). However, even though numerous phenomena are well cap-
tured within this linear context, restraining high-dimensional statistics to this setting is
unsatisfactory. To relax the strong assumptions required in the linear framework, one idea
is to investigate a more general class of models, such as nonparametric regression models of
the form Y = f(X)+ W, where Y denotes the response, X the predictor and W a zero-mean
noise. A good compromise between complexity and effectiveness is the additive model. It
has been extensively studied and formalized for thirty years now. Amongst many other ref-
erences, the reader is invited to refer to Stone (1985), Hastie and Tibshirani (1986, 1990)
and Héardle (1990). The core of this model is that the regression function is written as a sum
of univariate functions f = Zle fi, easing its interpretation. Indeed, each covariate’s effect
is assessed by a unique function. This class of nonparametric models is a popular setting in
statistics, despite the fact that classical estimation procedures are known to perform poorly
as soon as the number of covariates p exceeds the number of observations » in that setting.

In the present chapter, our goal is to investigate a PAC-Bayesian-based prediction strat-
egy in the high-dimensional additive framework (p > n paradigm). In that context, esti-
mation is essentially possible at the price of a sparsity assumption, i.e., most of the f;
functions are zero. More precisely, our setting is nonasymptotic. As empirical evidence
of sparse representations accumulates, high-dimensional statistics are more and more cou-
pled with a sparsity assumption, namely that the intrinsic dimension p of the data is much
smaller than p and n, see e.g. Giraud et al. (2012). Additive modelling under a sparsity
constraint has been essentially studied under the scope of the Lasso in Meier et al. (2009),
Koltchinsgkii and Yuan (2010) and Suzuki and Sugiyama (2013) or of a combination of func-
tional grouped Lasso and backfitting algorithm in Ravikumar et al. (2009). Those papers
inaugurated the study of this problem and contain essential theoretical results consisting
in asymptotic (Meier et al., 2009; Ravikumar et al., 2009) and nonasymptotic (Koltchin-
skii and Yuan, 2010; Suzuki and Sugiyama, 2013) oracle inequalities. The present chapter
should be seen as a constructive contribution towards a deeper understanding of prediction
problems in the additive framework. It should also be stressed that our work is to be seen as
an attempt to relax as much as possible assumptions made on the model, such as restrictive
conditions on the regressors’ matrix. We consider them too much of a non-realistic burden
when it comes to prediction problems.

Our modus operandi will be based on PAC-Bayesian results, which is original in that
context to our knowledge. The PAC-Bayesian theory originates in the two seminal papers
Shawe-Taylor and Williamson (1997) and McAllester (1999) and has been extensively for-
malized in the context of classification by Catoni (2004, 2007) and regression by Audibert
(20044a,b), Alquier (2006, 2008) and Audibert and Catoni (2010, 2011). However, the meth-
ods presented in these references are not explicitly designed to cover the high-dimensional
setting under the sparsity assumption. Thus, the PAC-Bayesian theory has been worked
out in the sparsity perspective lately, by Dalalyan and Tsybakov (2008, 2012b), Alquier and
Lounici (2011) and Rigollet and Tsybakov (2012). The main message of these studies is that
aggregation with a properly chosen prior is able to deal effectively with the sparsity issue.
Interesting additional references addressing the aggregation outcomes would be Rigollet
(2006) and Audibert (2009). The former aggregation procedures rely on an exponential
weights approach, achieving good statistical properties. Our method should be seen as an
extension of these techniques, and is particularly focused on additive modelling specifici-
ties. Contrary to procedures such as the Lasso, the Dantzig selector and other penalized
methods which are provably consistent under restrictive assumptions on the Gram matrix
associated to the predictors, PAC-Bayesian aggregation requires only minimal assumptions
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on the model. Our method is supported by oracle inequalities in probability, that are valid in
both asymptotic and nonasymptotic settings. We also show that our estimators achieve the
optimal rate of convergence over traditional smoothing classes such as Sobolev ellipsoids.
It should be stressed that our work is inspired by Alquier and Biau (2013), which addresses
the celebrated single-index model with similar tools and philosophy. Let us also mention
that although the use of PAC-Bayesian techniques are original in this context, parallel work
has been conducted in the deterministic design case by Suzuki (2012).

A major difficulty when considering high-dimensional problems is to achieve a favorable
compromise between statistical and computational performances. The recent and thorough
monograph Bithlmann and van de Geer (2011) shall provide the reader with valuable in-
sights that address this drawback. As a consequence, the explicit implementation of PAC-
Bayesian techniques remains unsatisfactory as existing routines are only put to test with
small values of p (typically p < 100), contradicting with the high-dimensional framework.
In the meantime, as a solution of a convex problem the Lasso proves computable for large
values of p in reasonable amounts of time. We therefore focused on improving the compu-
tational aspect of our PAC-Bayesian strategy. Monte Carlo Markov Chains (MCMC) tech-
niques proved increasingly popular in the Bayesian community, for they probably are the
best way of sampling from potentially complex probability distributions. The reader willing
to find a thorough introduction to such techniques is invited to refer to the comprehensive
monographs Marin and Robert (2007) and Meyn and Tweedie (2009). While Alquier and
Lounici (2011) and Alquier and Biau (2013) explore versions of the reversible jump MCMC
method (RJMCMC) introduced by Green (1995), Dalalyan and Tsybakov (2008, 2012b) in-
vestigate a Langevin-Monte Carlo-based method, however only a deterministic design is
considered. We shall try to overcome those limitations by considering adaptations of a re-
cent procedure whose comprehensive description is to be found in Petralias (2010) and Pe-
tralias and Dellaportas (2012). This procedure called Subspace Carlin and Chib algorithm
originates in the seminal paper by Carlin and Chib (1995), and has a close philosophy of
Hans et al. (2007), as it favors local moves for the Markov chain. We provide numerical
evidence that our method is computationally efficient, on simulated data.

The chapter is organized as follows. Section 2.2 presents our PAC-Bayesian prediction
strategy in additive models. In particular, it contains the main theoretical results of this
chapter which consist in oracle inequalities. Section 2.3 is devoted to the implementation
of our procedure, along with numerical experiments on simulated data, presented in Sec-
tion 2.4. Finally, and for the sake of clarity, proofs have been postponed to Section 2.5.

2.2 PAC-Bayesian prediction

Let (Q2,A,P) be a probability space on which we denote by {(X;,Y;)}}_; a sample of n
independent and identically distributed (i.i.d.) random vectors in (—-1,1)” xR, with X; =
(Xi1,...,X;p), satisfying

* P *
Yi=y* X)+&=) ¢iXip+&i, iell,...,p},
j=1

where wf,...,w; are p continuous functions (-1,1) — R and {fi}?zl is a set of i.i.d. (condi-
tionaly to {(X;,Y;)}?_;) real-valued random variables. Let P denote the distribution of the
sample {(Xi,Yi)}?zl- Denote by E the expectation computed with respect to [P and let || - ||
be the supremum norm. We make the two following assumptions.
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Assumption 2.1. For any integer k, E[|¢ 1151 < 0o, E[¢11X1]1 = 0 and there exist two positive
constants L and o such that for any integer k = 2,

k! _
E[11 171X 1] < 502Lk 2,

Assumption 2.2. There exists a constant C > max(1,0) such that |¢* |« < C.

Note that Assumption 2.1 implies that E¢; = 0 and that the distribution of ¢{; may de-
pend on Xj. In particular, Assumption 2.1 holds if {1 is a zero-mean gaussian with variance
y2(X1) where x — y%(x) is bounded.

Further, note that the boundedness assumption Assumption 2.2 plays a key role in our
approach, as it allows to use a version of Bernstein’s inequality which is one of the two
main technical tools we use to state our results. This assumption is not only a technical
prerequisite since it proved crucial for critical regimes: Indeed, if the intrinsic dimension
Do of the regression function y* is still large, the boundedness of the function class allows
much faster estimation rates. This point is profusely discussed in Raskutti et al. (2012).

We are mostly interested in sparse additive models, in which only a few {u/; }j’:l are not
identically zero. Let {(pk}zozl be a known countable set of continuous functions R — (-1,1)
called the dictionary. In the sequel, |J{| stands for the cardinality of a set J{. For any p-th
tuplem = (m1,...,m,) € N?, denote by S(m) c {1,..., p} the set of indices of nonzero elements
ofm, i.e,

p
IS(m)| = Z 1[m; > 0],
j=1
and define
Om ={0eR™ x---xR™},

with the convention R® = @. The set Oy is embedded with its canonical Borel field B(®,,) =
B(R™1)®---® B(R™r). Denote by
0= U Om,
meM
which is equipped with the o-algebra T = 6 (Vmen B(Om)), where M is the collection of
models M = {m = (m1,...,mp,) € N’}. Consider the span of the set {¢;}3° ., i.e., the set of

k=1’
functions
m;
[F={1l/e = ) wi= ) ) O 9€®m,m€M},
jeS(m) jeSm)k=1

equipped with a countable generated o-algebra denoted by F. The risk and empirical risk
associated to any ¥y € F are defined respectively as

R(yp)=E[Y1-wX1)]> and R,(we)=r,(X;, Yii",, ve),

where I n
ra{xi, yi}i_1,ve) = - > (v —1,’/9(Xi))2-
i=1

Consider the probability n, on the set M defined by

1- -2 -1
1-a p az_?:lmj’
1- (2 )P ISl

-

Ng: M—

for some «a € (0,1/2). Let us stress the fact that the probability 1, acts as a penalization

p
Zj=1

term over a model m through a*/=1"" (and to a lesser extent, through the combinatorial

1
term (IS(Ir)n)I) ).
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Our procedure relies on the following construction of the probability n, referred to as
the prior, in order to promote the sparsity properties of the target regression function y*.
For any m e M, { >0 and x € Oy, denote by B,ln(x, {) the ¢1-ball centered in x with radius (.
For any m € M, denote by 7y, the uniform distribution on Blln(O,C ). Define the probability
mon (0,7),

m(A) = Z Ne(m)mTy(A), AeT.
meM

Note that the volume Vi, (C) of Blln(O, C) is given by
(QC)ZJ'eS(m) m; (20)2 jeStm) M j

Vin(C) = = .
I'(Zjesamj+1)  (Zjesmm;)!

Finally, set 6 > 0 (which may be interpreted as an inverse temperature parameter) and the
posterior Gibbs transition density is

a eXP[—5rn({Xi,yi}?_ ,¥o)]
Bollxi,yl ) = Y Tt 1Yo

——1p1 0 . 2.1
& V(0 200 T eyl p) (D) @D

We then consider two competing estimators. The first one is the randomized Gibbs estima-
tor 9, constructed with parameters 6 sampled from the posterior Gibbs density, i.e., for any
AeT,

PP € AIK;, Vi) ) = fA Ps((X;, Y10, 0)n(d6), 2.2)

while the second one is the aggregated Gibbs estimator ¢/* defined as the posterior mean
7 = f o ps(Xi, YiYl,,0)n(d6) = E[j1(X;, V¥, I. 2.3)

These estimators have been introduced in Catoni (2004, 2007) and investigated in further
work by Audibert (2004a), Alquier (2006, 2008) and Dalalyan and Tsybakov (2008, 2012b).

For the sake of clarity, denote by D a generic numerical constant in the sequel. We are
now in a position to write a PAC-Bayesian oracle inequality.

Theorem 2.2.1. Let {/ and {* be the Gibbs estimators defined by (2.2)-(2.3), respectively.
Let Assumption 2.1 and Assumption 2.2 hold. Set w = 8Cmax(L,C) and & = nl/[w +4(c? +
C?)), for £ €(0,1), and let € € (0,1). Then with P-probability at least 1 - 2,

R(@)—R(y™) }

R - R(y™) <D inf inf {R(t[/g)—R(w)

meM geBL (0,0)

+]S(m)| ) m;+

log(p/|S(m))) _log(n) 5y log(1/¢) } (2.4)
n jeStm) n

where D depends upon w, o, C, ¢ and a defined above.

Under mild assumptions, Theorem 2.2.1 provides inequalities which admit the following
interpretation. If there exists a “small” model in the collection M, i.e., a model m such that
Y jesa)m; and |S(m)| are small, such that gy (with 6 € Op,) is close to y*, then ¢ and 4*
are also close to ¥* up to log(n)/n and log(p)/n terms. However, if no such model exists,
at least one of the terms }_ jeg(m)m/n and |S(m)|/n starts to emerge, thereby deteriorating
the global quality of the bound. A satisfying estimation of w* is typically possible when y*
admits a sparse representation.
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To go further, we derive from Theorem 2.2.1 an inequality on Sobolev ellipsoids. We
show that our procedure achieves the optimal rate of convergence in this setting. For the
sake of shortness, we consider Sobolev spaces, however one can easily derive the follow-
ing results in other functional spaces such as Besov spaces. See Tsybakov (2009) and the
references therein.

The notation {¢g};. | now refers to the (non-normalized) trigonometric system, defined
as

p1:t—1, @gj:t—cos(mjt), @gji1:t— sin(mji),

with j € N* and # € (-1,1). Let us denote by S* the set of indices of non-identically zero
regressors. That is, the regression function y* is

vi=) vl
JjeS*

Assume that for any j€ S*, W; belongs to the Sobolev ellipsoid W(r;,d ;) defined as

W(rj,dj):{feLz([—l,l]):fzZﬁkwk and Zi2rf9§sdj}.
k=1 i=1

with d; chosen such that } jcg+\/d; < Cv6/n, and r1,...,r;8* = 1 are unknown regularity
parameters. Let us stress the fact that this assumption casts our results onto the adaptive
setting. It also implies that w* belongs to the Sobolev ellipsoid W(r,d), with r = min ieS* T
andd =} jcs+d; , Le.,
o0
vi= 3 ) 050 (2.5)
JjeS* k=1
It is worth pointing out that in that setting, the Sobolev ellipsoid is better approximated by
the ¢1-ball B,ln(O, C) as the dimension of m grows. Further, make the following assumption.

Assumption 2.3. The distribution of the data P has a probability density with respect to
the corresponding Lebesgue measure, bounded from above by a constant B > 0.

Theorem 2.2.2. Let {/ and {* be the Gibbs estimators defined by (2.2)-(2.3), respectively.
Let Assumption 2.1, Assumption 2.2 and Assumption 2.3 hold. Set w = 8Cmax(L,C) and
8 =nl/lw+4(c2 +C?)], for £ €(0,1), and let € € (0,1). Then with P-probability at least 1 —2¢,

R -R(y*) } (1og<n)) 1S* log(p/IS* 1) log(1/e)
RGM-Rwh [PV 24 \2ur,)  * n a0

JjeS* /
where D is a constant depending only on w, o, C, ¢, a and B.

Theorem 2.2.2 illustrates that we obtain the minimax rate of convergence over Sobolev
classes up to a l()Zg(n) term. Indeed, the minimax rate to estimate a single function with
regularity r is n2+1, see for example Tsybakov (2009, Chapter 2). Theorem 2.2.1 and Theo-
rem 2.2.2 thus validate our method.

A salient fact about Theorem 2.2.2 is its links with existing work: Assume that all the
1//}‘ belong to the same Sobolev ellipsoid W(r,d). The convergence rate is now log(n)n_z% +
log(p)/n. This rate (down to a log(n) term) is the same as the one2rexhibited by Koltchinskii
and Yuan (2010) in the context of multiple kernel learning (n™2+1 +log(p)/n). Suzuki and
Sugiyama (2013) even obtain faster rates which correspond to smaller functional spaces.
However, the results presented by both Koltchinskii and Yuan (2010) and Suzuki and
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Sugiyama (2013) are obtained under stringent conditions on the design, which are not nec-
essary to prove Theorem 2.2.2.

A natural extension is to consider sparsity on both regressors and their expansion, in-
stead of sparse regressors and nested expansion as before. That is, we no longer consider
the first m; dictionary functions for the expansion of regressor j. To this aim, we slightly
extend the previous notation. Let K € N* be the length of the dictionary. A model is now
denoted by m = (m1,...,m,) and for any j€{1,...,p}, m; =(mj1,...,m k) is a K-sized vector
whose entries are 1 whenever the corresponding dictionary function is present in the model
and 0 otherwise. Introduce the notation

Sm)={m; #0,j€(l,...,p}}, Sm;)={m,z#0,ke{l,..., K}

The prior distribution on the models space M is now

1—gk+1 -1 -1
S 1-a555 p I K o/Sm))
1— (a, 1—10.'1"+1 )p+1 IS (m)| jeS(m) 1S (m,)| ’
—-a

for any a € (0,1/2).

Theorem 2.2.3. Let { and {* be the Gibbs estimators defined by (2.2)-(2.3), respectively.
Let Assumption 2.1 and Assumption 2.2 hold. Set w = 8Cmax(L,C) and & = nt/[w +4(c? +
C2)), for £ €(0,1), and let € € (0,1). Then with P-probability at least 1 - 2,

R@)-R(y™) }

. . *
RGN - Ry [=D,nf, inf {R(u/g)—R(w)

meM geBL (0,0)

+1S(m)|

log(p/InS(m)I) , log(nK) Y 1S+

j€S(m)

log(1/¢)
n b

where D depends upon w, o, C, ¢ and a defined above.

2.3 MCMC implementation

In this section, we describe an implementation of the method outlined in the previous
section. Our goal is to sample from the Gibbs posterior distribution g5. We use a version of
the so-called Subspace Carlin and Chib (SCC) developed by Petralias (2010) and Petralias
and Dellaportas (2012) which originates in the Shotgun Stochastic Search algorithm (Hans
et al., 2007). The key idea of the algorithm lies in a stochastic search heuristic that restricts
moves in neighborhoods of the visited models. Let T € N* and denote by {H(t),m(t)}z;o the
Markov chain of interest, with 6(¢) € Op(y). Define i: ¢t — {+,—, =}, the three possible moves
performed by the algorithm: An addition, a deletion or an adjustment of a regressor. Let
{e1,...,e,} be the canonical base of RP. For any model m(¢) = (m1(¢),...,mp(¢)) € M, define
its neighborhood {V*[m(#)], V" [m(#)], V=[m(#)]}, where

Vim@®)]={keM: k=m(t)+xe;,x e N*,j€{1,..., pA\Sm(@)]},

V()] = ke M: k =m(t) - m()e;, j € SIm()]},

and
V- Im@)]={keM: S(k)=S[m()]}.
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A move i(t) is chosen with probability ¢[i(#)]. By convention, if |S[m(#)]| = min(pK,n) (re-
spectively [S[m(¢)]| = 1) the probability of performing an addition move (respectively a dele-
tion move) is zero. Note ¢: {+,—} — {—,+} and let Dy, be the design matrix in model m € M.
Denote by LSEy, the least square estimate LSEy, = (D, D) DL Y (with Y = (Y1,...,Y,))
in model m € M. This is possible since we prevent the chain from visiting models with more
covariates than the sample size n. For ease of notation, let J denote the identity matrix.
Finally, denote by ¢(-; u,I') the density of a Gaussian distribution N(y,I') with mean y and
covariance matrix I'. A description of the full algorithm is presented in Algorithm 2.1.
The estimates 1 and * are obtained as

K
P=2 Y 0Ty,

j=1k=1

and for some burnin b € {1,...,7T - 1},

A P K 1 T
Y= 'Zlkzi(ﬂgz ij(f))(l?k-
J: =

=b+1

The transition kernel of the chain defined above is reversible with respect to ps ® 1, hence
this procedure ensures that {9(1,‘)}3;1 is a Markov Chain with stationary distribution ps.

2.4 Numerical studies

In this section we validate the effectiveness of our method on simulated data. All
our numerical studies have been performed with the software R (R Core Team, 2013).
The method is available on the CRAN website (http://www.cran.r-project.org/web/
packages/pacbpred/index.html), under the name pacbpred (Guedj, 2013b).

Some comments are in order here about how to calibrate the constants C, K, 02, § and a.
Clearly, a too small value for C will stuck the algorithm, preventing the chain to escape from
the initial model. Indeed, most proposed models will be discarded since the acceptance ratio
will frequently take the value 0. Conversely, a large value for C deteriorates the quality of
the bound in Theorem 2.2.1, Theorem 2.2.2, Theorem 2.2.3 and Theorem 2.5.1. However,
this only influences the theoretical bound, as its contribution to the acceptance ratio is
limited to log(2C). We thereby proceeded with typically large values of C (such as C = 106).
The size K of the dictionary determines the quality of the approximation of the functions
1//;: A good compromise between approximation and computational complexity is achieved
for K ranging approximately from 6 to 12 (the default value in the package pacbpred is
K = 8). As the parameter o2 is the variance of the proposal distribution ¢, the practioner
should tune it in accordance with the noise level of the data. The parameter requiring the
finest calibration is §: The convergence of the algorithm is sensitive to its choice. Dalalyan
and Tsybakov (2008, 2012b) exhibit the theoretical value § = n/402. This value leads to very
good numerical performances, as it has been also noticed by Dalalyan and Tsybakov (2008,
2012b) and Alquier and Biau (2013). The choice for a is guided by a similar reasoning to the
one for C. Its contribution to the acceptance ratio is limited to a log(1/a) term. The value
a = 0.25 was used in the simulations for its apparent good properties. Although it would be
computationally challenging, a finer calibration through methods such as cross-validation
or bayesian integration is possible.

Finally and as a general rule, we strongly encourage practitioners to run several chains
of inequal lengths and to adjust the number of iterations needed by observing if the empir-
ical risk is stabilized.


http://www.cran.r-project.org/web/packages/pacbpred/index.html
http://www.cran.r-project.org/web/packages/pacbpred/index.html
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Algorithm 2.1 A Subspace Carlin and Chib-based algorithm
1: Initialize (6(0), m(0)).
2: fort=1to T do
3:  Choose a move i(t) with probability g[i(#)].
4: Foranyke VO m(s — 1)], generate 6y from the proposal density (j)(-;LSEk,azJ).
5:  Propose a model ke VIO m(t - 1)] with probability

Ax

§eVOm(:—1)] Aj

Y(m(z - 1),k) =

where A
05(05)

Aj=—
17 ¢(6;; LSE;,027)

ifi(p)e{+,-} thep
For any h e V""(!)[k], generate 0y, from the proposal density ¢(-;LSEp,0%J). Note
that m(z — 1) € VS EO[K].

8: Accept model k, i.e., set m(¢) =k and 6(¢) = 0, with probability
o min[1 ALy, m(t - 1) ) |, O peyiopm-1yAn
" Am-1qlEE@)]y(m(t - 1),k) " qleG] Y heviiopg An '
Otherwise, set m(¢) =m(¢ — 1) and 6(¢) = Op-1)-
9: else
10: Generate Oy ;—1) from the proposal density (,b(-;LSEm(t_l),UZJ).
11: Accept model k, i.e., set m(¢) =k and 6(¢) = 0y, with probability

Axy(k,m(t - 1))
Ame-1ym(t—1),k) )’

a=min|1,

Otherwise, set m(t) =m(¢ — 1) and 0(¢) = Om-1).
12:  end if
13: end for

TABLE 2.1 — Each number is the mean (standard deviation) of the RSS over 10 independent
runs

p =50 p =200 p =400

MCMC 3000 it. 10000 it. 20000 it.
Model 2.1 | 0.0318 (0.0047) 0.0320 (0.0029) 0.0335 (0.0056)
Model 2.2 | 0.0411 (0.0061) 0.1746 (0.0639) 0.2201 (0.0992)
Model 2.3 | 0.0665 (0.0421) 0.1151 (0.0399) 0.1597 (0.0579)
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Model 2.1. n =200 and S* ={1,2,3,4}). This model is similar to Meier et al. (2009, Section
3, Example 1) and is given by
Yi =y X))+ 95 (Xio) + v (Xig) + ) (Xig) + &5,
with
wf: x — —sin(2x), 1,(/;: x-—>x3, wg: x— X, WI3 x—e “—e/2, & ~N(,0.1),

with i € {1,...,n}. The covariates are sampled from independent uniform distributions over
(-1,1).

Model 2.2. n =200 and S* ={1,2,3,4}. As above but correlated. The covariates are sam-
pled from a multivariate gaussian distribution with covariance matrix X;; = g li=il=2
jef{l,...,pk

Model 2.3. n =200 and S* ={1,2,3,4}). This model is similar to Meier et al. (2009, Section
3, Example 3) and is given by
Yi = 597 (X;1) + 395 (Xi0) + 4y (X 3) + 6y ) (Xi0) + &,
with
sin(27mx)
2 —sin(2mx)’
wr: x— 0.1sin(27x) + 0.2 cos(27x) + 0.3 sin%(27x) + 0.4 cos®(27x) + 0.5 sin® (27x),
& ~N(@,0.5), i1€{l,...,n}.

Ylix—x, w;:x'—»4(x2—x—1), wg:x

The covariates are sampled from independent uniform distributions over (—1,1).

The results of the simulations are summarized in Table 2.1 and illustrated by Figure 2.1
and Figure 2.2. The reconstruction of the true regression function y* is achieved even in
very high-dimensional situations, pulling up our method at the level of the gold standard
Lasso.

2.5 Proofs

To start the chain of proofs leading to Theorem 2.2.1, Theorem 2.2.2 and Theorem 2.2.3,
we recall and prove some lemmas to establish Theorem 2.5.1 which consists in a general
PAC-Bayesian inequality in the spirit of Catoni (2004, Theorem 5.5.1) for classification or
Catoni (2004, Lemma 5.8.2) for regression. Note also that Dalalyan and Tsybakov (2012b,
Theorem 1) provides a similar inequality in the deterministic design case. A salient fact on
Theorem 2.5.1 is that the validity of the oracle inequalities only involves the distribution of
the noise variable {1, and that distribution is independent of the sample size n.

The proofs of the following two classical results are omitted. Lemma 2.5.1 is a ver-
sion of Bernstein’s inequality which originates in Massart (2007, Proposition 2.9), whereas
Lemma 2.5.2 appears in Catoni (2004, Equation 5.2.1).

For x € R, denote (x); = max(x,0). Let u1, pg be two probabilities. The Kullback-Leibler
divergence of u; with respect to ug is denoted K L(u1, o) and is

flog(d—ﬁ;) dui if gy < pg,

00 otherwise.

KL (1, o) = {

Finally, for any measurable space (A, A) and any probability 7= on (A,A), let us denote by
Mi,”(A,A) the set of probabilities on (A,.A) absolutely continuous with respect to 7.
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FIGURE 2.1 — Estimates (red dashed lines) for ¢, v, w} and y} (solid black lines). Other
estimates (for 1//;, J€1{1,2,3,4}) are mostly zero.



48 CHAPITRE 2. PAC-BAYESIAN PREDICTION IN SPARSE ADDITIVE MODELS
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FIGURE 2.2 — Plot of the responses Yi,...,Y, against their estimates. The more points on
the first bisectrix (solid black line), the better the estimation.
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Lemma 2.5.1. Let (T)}_, be independent real-valued variables. Assume that there exist two
positive constants v and w such that

[ETi2 <v,
1

n
1=

and for any integer k = 3,

n k!
Y BT < —owk 2
i-1 2

Then for any y € (0, %),
: ).

<exp (—2(1 -

n
exp (y Z(Ti —-ET})
i=1

Lemma 2.5.2. Let (A, A) be a measurable space. For any probability u on (A, A) and any
measurable function h: A — R such that [(expoh)du < oo,

10gf(exp oh)du= sup fhdm -XKL(m, ),
meML ,(A,A)

with the convention oco— oo = —oo. Moreover, as soon as h is upper-bounded on the support of
L, the supremum with respect to m on the right-hand side is reached for the Gibbs distribu-
tion g given by

d_g 3 exp(h(a))

du “= [(expoh)du’

Note that Theorem 2.5.1 is valid in the general regression framework. In the proofs of

Lemma 2.5.3, Lemma 2.5.4, Lemma 2.5.5 and Theorem 2.5.1, we consider a general regres-
sion function y*. Denote by (0,7) a space of functions equipped with a countable gener-
ated o-algebra, and let & be a probability on (®,7), referred to as the prior. Lemma 2.5.3,
Lemma 2.5.4, Lemma 2.5.5 and Theorem 2.5.1 follow from the work of Catoni (2004),
Alquier (2008), Dalalyan and Tsybakov (2008, 2012b) and Alquier and Biau (2013). Let
0 > 0 and consider the so-called posterior Gibbs transition density ps with respect to 7,
defined as

eA.

n

expl—6r,({xi, yi}!_ 1, ¥)]
Jexpl=6r,(ix;, )7, w)ln(dy)”
In the following three lemmas, denote by p a so-called posterior probability absolutely con-
tinuous with respect to 7. Let ¥ be a random variable sampled from p.

Lemma 2.5.3. Let Assumption 2.1 and Assumption 2.2 hold. Set w = 8Cmax(L,C), 6 €
(0, n/[w +4(0? + C?)]) and € €(0,1). Then with P-probability at least 1 —¢

(2.6)

po{x;, yiti_1,¥) =

log g—ﬁ(w) +log %

Ry)-Ry™) < 5

o] G

n—-wd

Proof. Apply Lemma 2.5.1 to the variables T'; defined as follow: For any v € F,
T =—(Y; —pX)2+; —p*Xy))%, iell,...,nh (2.7)
First, let us note that
R(y)-R(y™) = E[(Y1 -y (X1)*] - E[(Y1 - y* (X1)?]
= E[(2Y7 — w(Xp) — ¢ X))y * Xp) — w(Xp))]
=E [(y™* (X1) - wX)EL@W; +3* (X1) — w(X1) X1]]
= 2E[(y* (X1) — pX))E[E 1| X111 + Ely* (Xp) — p(Xp)P.
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As E[£11X1]1=0,
R(yp)—Ry™*) = Ely*X) - y(X)I2. (2.8)

By (2.7), the random variables (T';);_; are independent. Using Lemma 2.5.1, we get
n
Z ET} = Z

[(@Y; —w(X) -y * X)) (X)) — v * (X))
E[@W; + y* (X)) -y X)) 2w X)) - v * X)X ]
Next, using that |a + blk < 2k-1(|a|k +1b]%) for any a, b € R and k € N*, we get
iI[ETi2 <2 ii[E [((wX) - w* X))E[(AW? +4C?)|X;]]
<8(02+C?) Y E[(w(X)— y*(X)?]

i=1

def

=8n (0% +C?)(R(w)-Ry™)) = (2.9)

where we have used (2.8) in the last equation. It follows that for any integer & = 3,

S ETHE = Y EEN(T:E X1

i=1 i=1

< Z EE [I2Yi — X)) - X)) FlwX;) - w*(Xi)lkIXi]

S

= 3 EE[12Wi +y " (%) -y ) R0 -y * (Kol

e PANTEI0 ORI OTU 17 SEXAD 9T 9
i=1
Using that |y(x;) —v*x;)|* < (2C)*2|y(x;) — v* (x;)|? and (2.8), we get
Y E(T) <2871y (2k‘1k!02Lk‘2 + (2C)k) 2CY2[R(y) - R(y™)]
=1 i=1

!
= %v(2C)k_2 (

22k—40_2Lk—2+ %22]@—401@
o2+ C2

Recalling that C > max(1,0) gives

92k—4,2T k-2 | %2213—4013 4k-252] k-2 %41@—201@
2 2 2 R
o“+C 20 C

1 1
< 4Ly %2+ Z@4C)k2
2( ) 2( )

=[4max(L,C)]* 2.

Hence
< k k! k-2 . def
Y ENT)s]< Svw" ™, with w'=8Cmax(L,C). (2.10)
i=1

Applying Lemma 2.5.1, we obtain, for any real 6 € (0, %), with y = %,

52
Eexpld(R,(y*) — Ro(y)+ R(y) - R(y* )] < exp | ———— |,
2n? (1-22)
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that is, that for any real number ¢ € (0, 1),

Eexp (2.11)

45(02 + CZ)) 1
—wo

SIR (™) — Ry (u)] + STR () — R(y™)] (1 _

Next, we use a standard PAC-Bayesian approach as developed in Audibert (2004a), Catoni
(2004, 2007) and Alquier (2008). For any prior probability 7 on (©,7),

45(02 +C?)

fIEexp S[R(y)—R(y™)] (1 -
| n—-wdb

1
) +0[R, (™) - R, (y)]-log - n(dy) <e.

By the Fubini-Tonelli theorem

4602+ C?)
—wo

[ 1
[Efexp 5[R(1l/)—R(1,U*)](1— )+5[Rn(1//*)—Rn(w)]—logg n(dy) <e.

Therefore, for any data-dependent posterior probability measure p absolutely continuous
with respect to 7, adopting the convention co x 0 =0,

[Efexp

45(02 + C?)
—wd

d
SIR(y)—R(y™)] (1 - ) +6[Rn(y™) —Rp(y)]— log—p(w)

—log pdy)<e. (2.12)

Recalling that E stands for the expectation computed with respect to P, the integration

symbol may be omitted and we get

46(a% +C?)
-wb

d 1
Eexp [5[R(y)—R(y™)] (1 - ) +0[R,(y*) = Rn(y)] - log d—z(u/) ~log—

Using the elementary inequality exp(dx) = 1g, (x), we get, with P-probability at most ¢

g L(y)+logl
5 :

48(0? + C? lo
(1 - %) [R(y) -~ R(y*) = R,(y)— R (y™*) +
Taking & < n/[w +4(c? + C?)] implies

46(02+C?)

>0,
n—wd

and with P-probability at least 1 —¢,

R(y)-R(y™) < R,(y)-Rp(y™)+

g in L)+ log
5 .

1_ 40(02+C?) (

n—-wd

O

Lemma 2.5.4. Let Assumption 2.1 and Assumption 2.2 hold. Set w = 8Cmax(L,C), § €
0,n/[w +4(c2 + C?)]) and € €(0,1). Then with P-probability at least 1 —¢

46(0 +C?)

] [ f Rw)p(dy) - Ry™)

iKL(p,ﬂ)+log%
"
)

f R ()p(dy) — Ruy™) <

(2.13)
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Proof. Set w € F and Z; = (Y; —w(X;))? = (Y; —w*X;))?, i € {1,...,n}. Since Z; = —T; where
T; is defined in (2.7), using the same arguments that lead to (2.11), we get that for any
6 €(0,n/w) and €€ (0,1)
f 456(c% +C?)
E | exp _
—wb

d
—~S[R(w)—R(y™)] (1 + ) +6[R,(w) — R, (y*)]-log ﬁ(u/)

—log% odw) <e.

Using Jensen’s inequality, we get

d
+ SR n (W) — Ru(y™)] —1og£(w)

1
—log—}
£

( 486(02 + cz))
Eexp - 7
—Ww

- f {5[R(1//)—R(u/*)] 1

Since exp(dx) = 1g, (x), we obtain with P-probability at most €

46(0% +C?)

) [ Ratwiptan - Ratw)
KL(p,m)+ log%
>
5 >
Taking & < n/[w + 4(c? + C?)] yields (2.13). O

- f R(z//)p(dt//)+R(1//*)] (1

Lemma 2.5.5. Let Assumption 2.1 and Assumption 2.2 hold. Set w = 8Cmax(L,C), § €
0,n/[w +4(c? + C?)]) and € € (0,1). Then with P-probability at least 1 —¢

KL(p,m)+ log% )
— 5 |

1
fR(t//),O(dW) _R(U/*) = m (fRn(W)P(dW)_Rn(W*)+
=

Proof. Recall (2.12). By Jensen’s inequality,

4(5(0 +C2

Ee
P —wo

5( f R(w)p(du/)—R(w*)) )] ( n(y™)— f Rn(w)p(dw))

1
-KL(p,m)— log;

Using exp(6x) = 1g, (x) yields the expected result. O

Theorem 2.5.1. Let { and 1/7A be the Gibbs estimators defined by (2.2)-(2.3), respectively.
Let Assumption 2.1 and Assumption 2.2 hold. Set w = 8Cmax(L,C) and & = nt/[w + 4(c? +
C?)], for £ €(0,1), and let € € (0,1). Then with probability at least 1 — 2,

R@)-R(y™)
R(™) — R(yw™) }5 D

KL(p,m)+log1

n

inf { f R(y)p(dy) - R(y™*)+
peEM: ,(©,7)

}, (2.14)

where D is a constant depending only upon w, o, C and ¢.

Proof. Recall that the randomized Gibbs estimator v is sampled from ps. By Lemma 2.5.3,
with P-probability at least 1 —¢,

N . 1 ) .. log d’s(w)+log—
R@W)—-R(y™) = P ) (Rn(ll/)—Rn(ll/ )+ 5 .

n-wd
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Note that

dos .
p‘s(w):log
dr

exp[—6R, ()]
J exp[-6R,(y)]n(dy)

— _6R(§)~log f expl—6R (y)r(dy).

log

Thus, with P-probability at least 1 —¢,

. . 1 1 1.1
R(W)—R(U/ )5 W (_Rn(w )— glogfexp[—éRn(W)]ﬂ(dU/)glogz)

n—-wo

By Lemma 2.5.2, with P-probability at least 1 —¢,

KL(p,m)+logl )

. 1 .
R(w)—R(w*)sl— inf (fRn(w)p(du/)—Rn(w*H 5

_ %ng) peM? ,(0,7)

n—

Finally, by Lemma 2.5.4, with P-probability at least 1 — 2¢,

45(02+C?)

~ * + n—-wob . *
RW)-R(y )SI—T‘WPGM?:;@J){ f R(y)p(dy) - R(y™)

n—

2 KL(p,m)+logl
1+ '

46(02+C?) )
n—-wd

Apply Lemma 2.5.5 with the Gibbs posterior probability defined by (2.6). With P-probability
atleast 1—¢,

KL(ps,m)+ log%)

. « 1 R *
f Rp)ps(dy) - R(y )SI_TU_Z%CZ)( f Ry (0)ps(dy) — Ry (™) + .

Note that
exp[-OR ,(y)]

J expl-6R,(y)In(dy)
= —6[Rn(1//)ﬁ5(dw) —log (f exp[—5Rn(w)]n(dw)).

By Lemma 2.5.2, with P-probability at least 1 —¢

K L(pg,m) = f log pa(dy)

A * 1 . *
f Ry)ps(dy)-R(y™) < Wpemlﬁem{ f R,(w)p(dy)-R,(y™)

XL(p,m) +log% }
.
0

By Lemma 2.5.4, with P-probability at least 1 —2¢
45(02+C?)

1+
~ * n—wd . *
fR(l[/)Pé(dU/) —R(U/ ) < W pgjv[l}fif(.@,‘j’) {fR(ll/)P(dU/) —R(U/ )

2 KL(p,m)+logl }

46(02+C?) 5

1+ n—-wd
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As R is a convex function, applying Jensen’s inequality gives

f RW)ps(dy) = RWA).
Finally, note that
14804 . BlG2+C?)
1-2062Ch — T (1- ) (w +40% +4C?)

O

Proof of Theorem 2.2.1. Letpe M}r’n(G,‘J'). First, for any A € T, note that p(A) =Y nmen Pm(A)
where pm(-) = p(- N On), the trace of p on Op,. By Theorem 2.5.1, with P-probability at least
1-2¢

KL(pm,m) +1ogl

RW)-Ry*)<D inf  inf { f RW)pm(dy) — R(y*) +

. (2.15)
meM peMl (0,7

Note that for any p € M}r,ﬂ(G,‘T) and any m € M,

UCL(pm,n)—flog( )dpm flog( )dpm1

1— (-2
p 1-a

=KL(om,Tm) +log(l/a) m;+lo +log| —————.
Pm,7m) +log j€§m) j g(ls(m)|) g( i

Next, using the elementary inequality log( ) < klog(ne/k) and that 1=z <1,

pe -«
(om, ) < KL(om, Tm) + log( a)j€§m)mj+| (m)| 0g(|S(m)|)+ og(l—Za)

We restrict the set of all probabilities absolutely continuous with respect to 7, to uniform
probabilities on the ball BL (x,{), with x € BL (0,C) and 0 <{ < C - [0];. Such a probability
is denoted by ux (. With P-probability at least 1 —2¢, it yields that

R R <D inf f /R d)-R
@)-Ey™ nlnrelMeeBlln(o C) Hog O<TZC— ||9||1{ (Voo (d0) =R (y™)

+_
n

1 p
KL( ,7Tm) +log — +|S(m)|lo ( )+ mi;ly.
He 0> Tm) +1og - g S| j€§m) J]}

Next, note that

Vin(C c
e ""’”‘“’Zbg(v (o)):bg(?) 2
m J€S(m)

Note also that
| Rwgmo @ = [ €1¥1 - yy 0] (@)

=f[E[Y1—WH(X1)+WQ(X1)—Wg(Xl)]z,ua,((dé),
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and

f E[Y1 - wo(X1) + wo(X) — v XD)]? o (d0)
:fR(We)He,c(déHf[E[WH(X1)—W9(X1)]2NQ,(((19)

+2 f E(LY: — woX)llwo(Xe) — v (X)) g o (6).

Since 6 € BL(0,0),

2

Y Y O - 0)r(X1))| Ho(dD)

f[E[WH(XI)_Wé(Xl)]2NB,((d9_):f[E
jeStm) k=1

<6 —én%m]gx lprllZ,
<2,
and by the Fubini-Tonelli theorem,
2 f E(LY1 — o X)Twe(Xn) — v (X)) o (d0)

=2F [[Yl - 1//9(X1)]f[1l/9(xl) —ys(X1)lue (d6) | =0,
since [ w(;(Xl),ug,((dé) =1wp(X71). Consequently, as

f R(yo)yio(d0) = R(wy),

we get

f R(y)pio(d6) < Rayg) + 2.

So with P-probability at least 1 —2¢,

R@)-Rw*)<D inf inf inf {R( )+ (% —R(y™)
v v meMgeBL (0,0) Hoc,0<(=C-16l1 Vo) +l v

1 1 p
+ = [log(C/{) m~+log—+|S(m)|10g( )"' m;
n j€§m) ! € 1S (m)] j€§m) ’

L

The function ¢ — ¢2 +log(C/t) Y. jeS(m) M j/n is convex. Its minimum is unique and is reached
for ¢ = [} jes(m) mj/(2n)]1/2. With P-probability at least 1 — 2¢,

RW)-R*)<D inf inf {R(wg)—R(w*)+|S(m)|

log(p/|S(m)|)
meMgeBL (0,0) n

+

log(n) log(1/¢) }
Y mj+ ,
. jeS(m) n
where D is a constant depending only on w, o, C, ¢ and a. As the same inequality holds for
4, this concludes the proof. O
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Proof of Theorem 2.2.2. Recall Theorem 2.2.1. Assumption 2.3 gives
Ryo) - R = [ (o) y* 24200 < B [ (o) -y x0)dx.

For any m € M, define

mj
Ym= 2 2 05k

jeS*k=1

To proceed, we need to check that the projection of 0* onto model m lies in Blln(O, C),ie.,

ZZIH =C.

JjeS* k=1

Using the Cauchy-Schwarz inequality, we get

m;
IPNUAR WA

jeS* k=1 JjES* k=1
m;
Z Z k2r1(9* )2 Z k—2rj.
jesS* \ k=1 k=1

Since for any t > 1, ZZZ 1 k™2 < Y% k7% =77/6, the previous inequality yields

j;*kzlgjk| \/3 = \/d7j50'

JjeS*

Recalling (2.8) and Assumption 2.3, for a m € M we may now write that

inf R(yg)-Ry*)<R(yk)-Ry™)

<B f (0 () -y (x0)2dx

2
_Bf( Y 6 k(pk(x))
JjeS* k=1+m;

As {gp}}2, forms an orthogonal basis,

Bf( Z 6 k(Pk(X)) dx=B Z Z (H;fk)2sB Z dj(1+mj)_2rj,
JES* k=

1+m; JES* k=1+m; JjeS*

where the normalizing numerical factors are included in the now generic constant B. As a
consequence, with P-probability at least 1 — 2¢,

*
R@W)-R@*) <D 1nf {B y {d (1+mj)—2rj+ Jlog(n)} |‘S,,.(|log(p/|»5' |)+10g(1/£)}’

j€S* n n
where D is the same constant as in Theorem 2.2.1.
For any r = 2, the function ¢ — d ;(1+ £~ + k)gnﬂ

( log(n) ) 2r1+1
2rjdjn
at least 1 - 2¢,

t is convex and admits a minimum in

o1
— 1. Accordingly, choosing m j (21;)%?;) Zj*1 —1 yields that with P-probability

2nr; n

2+l 2r+1 10g p*
R(W)-R(y )<®{ Y d” (1°g(”)) +1S%) (S |)+log(1/e)},

JjeS*

where D is a constant depending only on «a, w, o, C, ¢ and B, and that ends the proof. [
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Proof of Theorem 2.2.3. The proof is similar to the proof of Theorem 2.2.1. From (2.15) and
forany p e M}rﬂ(@,ﬂ') and any m € M,

K+1\P+1
1- (a—l_“ )
p 1-a
KL(om, ) =KL(Om,Tm) +log(l/a)|S(m)| +log +log e
1S(m)| 1-glet
K
+ Z log( )
jeS(m) |S(mJ)|
Using the elementary inequality log (Z) < klog(ne/k) and that « 1_1?1;1 €(0,1) since a < 1/2,
pe
KL(om,m) < KL(Om,Tm) + |S(m)| |log(l/a) +log )]
IS (m)|
Ke l1-a
+ IS(m;)|lo (—)+lo ( )
e S8 am, 1) 8\ T2
Thus with P-probability at least 1 — 2¢,
RW)-Rw™*)<D inf inf inf {R( )+ (% —R(y™)
v v meMgeBL (0,0) Hoc,0<(=C-16l1 Vol +d v

1
+ —
n

) +10g 4
[log(c/()+10g(K)]jES2(:m)|S(mJ)I +1log c + IS(m)Ilog(|S(m)|” }

Hence with P-probability at least 1 —2¢,

R(@y)-Ry™) } : . { p log(p/IS (m))
R@*)-R(y™) S@nig{{eegf(f(;,c) Rlye) ~R@y™)+|S(m) n
+log(nK) Z IS(mj)|+10g(1/E)},
. jeS(m) n

where D is a numerical constant depending upon w, o, C, ¢ and a. O






Chapitre 3

PAC-Bayesian Estimation and
Prediction in Sparse Logistic

Models

Abstract. The present chapter extends the results of Chapter 2
to the high-dimensional logistic regression model. A PAC-Bayesian
approach is adopted, leading to nonasymptotic oracle inequalities
in probability. We also present an implementation relying on a
metropolized Carlin & Chib algorithm.
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3.1 Introduction

A tremendous amount of work has focused on the logistic regression model in the past
decades. Its flexibility is a valuable asset in many applications (see Cramer, 2003). When-
ever the sample size n is larger than the number of covariates d, classical estimation
techniques such as Maximum Likelihood exhibit nice theoretical properties and are com-
putationally feasible. However, the adversarial high-dimensional situation n <« d arises
in a widespread spectrum of scientific studies. This big data paradigm is more and more
standard in studies that attempt to identify risk factors for disease and clinical outcomes
(see for example Wu et al., 2009, in the case of genomics studies). Bayesian techniques
have been used in that context (Zhou et al., 2004; Cawley and Talbot, 2006; Genkin et al.,
2007), yet they face tough computational issues when confronted with very high values of d
(see Gelman et al., 2004, for a survey of the topic). In parallel works, results have been ob-
tained from a classification perspective (Ng and Jordan, 2002; Tsybakov, 2004; Zhang, 2004;
Boucheron et al., 2005) (note that classification and logistic regression are close yet distinct
problems, as pointed out by Audibert and Tsybakov, 2007), on the quality of the boosting
procedure (Friedman et al., 2000; Blanchard et al., 2003; Lugosi and Vayatis, 2004), and on
the use of a convex surrogate of the classification loss (Bartlett et al., 2006). Yet all those
references do not explicitly address the high-dimensional issue, as they are not worked out
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under the sparsity assumption. This typically expresses the belief that among d > n co-
variates, only dg are of interest and this dimension reduction paradigm allows for proper
estimation in numerous settings. We refer to the monograph Bithlmann and van de Geer
(2011) for a thorough presentation of the sparsity approach.

In the linear regression framework, the Lasso estimator introduced by Tibshirani (1996)
proved highly effective to deal with the sparsity approach (see Meinshausen and Yu, 2009,
among many other references). Many variations such as the Group Lasso (Yuan and Lin,
2006), fused Lasso (Tibshirani et al., 2005; Rinaldo, 2009), or the smooth Lasso (Hebiri
and van de Geer, 2010) have proven successful in numerous settings, exhibiting both oracle
inequalities and efficient implementation. For the logistic model, the use of ¢;-regularized
methods has mainly been studied by van de Geer (2008), Meier et al. (2008), Bach (2010)
and Kwemou (2012). Here and after, we will refer to the following model as the “classic”
logistic model:

logitP(Y =1X=x)=0"x, 0,xeR? Ye{+l}. (3.1)

This is the model assumed in Meier et al. (2008) and Bach (2010), along with a determin-
istic design. Meier et al. (2008) provides consistency results for the Group Lasso, whereas
Bach (2010) derives non asymptotic bounds for the excess risk, using tools from the convex
optimisation theory (namely, self-concordant functions). In a setting which is not solely ded-
icated to logistic regression, van de Geer (2008) proves non asymptotic results for the Lasso
in high dimensional generalized linear models. The work presented in Kwemou (2012) is
closer to the approach we adopt in this chapter: The author studies the non asymptotic
performance of the Group Lasso in the following more general high dimensional logistic
regression model:

logit P(Y =1X=x)=n(x), xe€R?, Y e{+1}. (3.2)

To the best of our knowledge, only van de Geer (2008), Bach (2010) and Kwemou (2012)
have provided non asymptotic theoretical results in the high dimensional logistic regression
context. However, all these methods suffer from technical restrictions which hamper their
predictive performance. Indeed, they all assume restrictive conditions on the Gram matrix
(mutual coherence, restricted isometry property). These conditions are somewhat natural
when one’s purpose is to identify relevant covariates, yet we consider them too much of a
non realistic burden when it comes to fashioning prediction-oriented strategies. It is to be
noted that these conditions may be slighly toned down in some settings (see Bickel et al.,
2009; van de Geer and Bithlmann, 2009; Arias-Castro and Lounici, 2012).

In this chapter, we design a strategy which significantly differs from the previously cited
works. We rely on a PAC-Bayesian strategy, carrying no assumption whatsoever. The PAC-
Bayesian theory originates in the two seminal papers Shawe-Taylor and Williamson (1997)
and McAllester (1999) and has been extensively formalized in the context of classification by
Catoni (2004, 2007) and regression by Audibert (2004a,b), Alquier (2006, 2008) and Audib-
ert and Catoni (2010, 2011). However, these methods are not explicitly designed to cover the
high-dimensional setting under the sparsity assumption. Thus, the PAC-Bayesian theory
has been worked out in the sparsity perspective more recently, by Dalalyan and Tsybakov
(2008, 2012b), Alquier and Lounici (2011), Dalalyan and Salmon (2012), Suzuki (2012),
Alquier and Biau (2013) and Guedj and Alquier (2013). The main message of these studies
is that PAC-Bayesian aggregation with a properly chosen prior is able to deal effectively
with the sparsity issue in a regression setting under the squared loss. The purpose of this
chapter is to extend the use of such techniques to the case of the logistic loss: As far as we
are aware, this approach is original. Let us mention however the parallel work of Rigollet
(2012), studying Kullback-Leibler aggregation in misspecified generalized linear models.
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From a methodological perspective, we also feel that our procedure may represent a
nice alternative to Lasso-based algorithms, whenever the Gram matrix is known to blithely
violate the restricted eigenvalues condition. We rely on MCMC to compute our estimators,
and we adapt the point of view presented in Guedj and Alquier (2013) and implemented in
the R package pacbpred (Guedj, 2013b), which is inspired by the seminal work of Carlin and
Chib (1995) and its later extensions Hans et al. (2007) and Petralias and Dellaportas (2012).
The key idea is to define a neighborhood relationship between visited models, promoting
local moves of the Markov chain.

The chapter is organized as follows. In Section 3.2, we present our PAC-Bayesian esti-
mation strategy and introduce our main theoretical results. Section 3.3 is devoted to the
implementation of our estimator via MCMC, along with some simulations. Finally, and for
the sake of clarity, proofs are gathered in Section 3.4.

3.2 PAC-Bayesian Logistic Regression

Let (Q,A,P) be a probability space. Consider a random variable (X,Y) € X x {+1} where
X < R?, whose distribution is denoted by P. Our goal is to infer the posterior probabilities

PY =+1X=x), xeX.

Let
p:x—PY =1X=x).

To accomplish this task, we rely on a n-sample of i.i.d. replications of (X,Y), denoted by
D, ={X1,Y1),...,X,,Y,)}. We assume that (X,Y’) is drawn according to the logistic model,
ie, forallxe X,
logit p(x) = n(x),
where
p(x)
1-px)’

logit p(x) =log
and we assume further that the link function n has the additive form
d
n(x) = Z nj(xj).
j=1

Consequently, our goal is to estimate the unknown link function 1. To this aim, we benefit
from a known dictionary D = {¢1,...,¢n} and each of the ¢1,...,¢p is an R — R function.
For some parameter space © € R*M | we consider the functional space

d M
?GZ{fGZZZBJ‘k(Pk, 9=(911,---,91M,921,~--,9dM)€[RdM},
j=1k=1

so the problem becomes to construct some 6 € © based on the sample D,, such that fp is
“close” in some sense of 7).
To this aim, we define the logistic loss of an estimator fy as

(Y, fo(x)) =log[1l+exp(-Y fo(x))], x€X,

and the risk function is
R(fo) =EL(Y, fp(X)),
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with its empirical counterpart
1 n
Ry(fo) = - > Y, foXs)).
i=1

Our procedure goes as follows. Consider a prior measure 7 on ® embedded with its canon-
ical Borel field (denoted by B(0) in the sequel). We will discuss the choice of 7 further in
the chapter. Fix some inverse temperature parameter 8, and define the Gibbs posterior

distribution as
exp(—pnR,(fp))n(d6)

Joexp(=pnRn(fo))n(do)’

In this work, we state oracle results for the following PAC-Bayesian aggregated estimator
(which is the posterior mean with respect to the Gibbs posterior distribution):

pp(do) =

éa=f®9,a,3(d0):[Eﬁﬁe. (3.3)

The resulting estimator for 7 is thus

d M
foa = Z Z B?k‘ﬁk’
j=lk=1

which yields the estimate

. B 1
px) = 1+exp(—f(x)’ xeX.

It should be noted that we obtain analogous oracle inequalities to the ones which follow, for
the randomized estimator

0~ pg, (3.4)
with similar proofs (see Chapter 2). However we focus on the aggregated estimator in
this chapter since it offers much more numerical stability. Finally, we introduce the two
following classifiers:

1 ith probability p
G,ll(x) = W? proba 1 1 y P), xeR?, (3.5)
—1 with probability 1 - p(x),
the randomized classifier, and
6,21: x— lipx>1/2 — Lipm<12) (3.6)

the deterministic classifier.
In the following, we assume that there exists a constant C < oo such that for any 6 € ©,
|foloo < C with |- | denoting the supremum norm.

Theorem 3.2.1. For any €€ (0,1),

P|R(fg) <

A { [ Retwpaor+
(€]

2K L(p, ) 210g(2/£)} Sl
c1(B) pen ,(©,3(0)) - ’

prcsp) | Prca(h)

where c1(B) and co(P) are constants depending only on f and C.
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This preliminary result is conclusive: It is similar to the PAC-Bayesian inequalities in
expectation presented in Dalalyan and Tsybakov (2008) or in probability in Alquier and
Lounici (2011) and Guedj and Alquier (2013), however the risk is computed with respect to
the logistic loss function. The main message is that with high probability, the risk of the
estimator fj. is comparable to the best integrated risk on the class M}r’ﬂ(G),‘B(@)), up to
the term KL (p,7)/n which measures the complexity of the class. Finally, it is to be noted
that this result relies on the sole assumption that the estimators we consider are bounded
in the sense of the supremum norm. This mild condition is common in the PAC-Bayesian
literature, and allows to use Bernstein-like concentration inequalities.

Next, let us cast Theorem 3.2.1 onto the sparsity perspective. We define the prior 7 as

d+1 -1
ndo)= Y i( d ) mlo LBty ()(O)

, 3.7
meM 1-a

Imlo V(r)
where @ € (0,1), Bpjm,(r) is the £5 ball of radius r in R¥!™lo and V(r) is its volume, and M
is the set of models, i.e., M = {0, 1}¢. The prior 7 favors sparse vectors 6, as it exponentially
penalizes how many regressors are kept. Once the regressors are chosen, we only draw
from a uniform distribution over the 9 ball of radius r. We now make the following mild
assumption on the dictionary D.

Assumption 3.1. There exists a constant C' < oo such that

sup|D(x)|2 =C
xeX

with the slight abuse of notation

D(x) = (¢1(x1), Pa(x1); ..., dar-1(xq), par(xg)) € RIM.

In particular, this condition is met if the functions ¢y,..., ¢y are bounded, consider for
example the trigonometric system. This is the case in many studies of the aggregation
literature.

We may now derive the main theorem of this chapter.

Theorem 3.2.2. Under Assumption 3.1, for any € € (0,1),

it )
}

This result is remarkable as it exhibits the optimal rates of aggregation under the
squared loss, in the logistic regression context. If the model is well-specified, that is n may
be well approximated by a sparse estimator fp (i.e., R(fp) is small), then our PAC-Bayesian
aggregate fj. also has a small risk.

P|R(fp)< = 2B e inf {R(f9)+

M|\m (1+1 (
1(ﬁ)m€M0€BM|m|0(r) [ Imlo

pnca(B)

de 1
+|m|01og(|m| )+|m|010g(1/06)+10g(1 )+10g(2/£) >1-¢.
0

3.3 Implementation

In this section, we present our implementation strategy, which is an adaptation of Al-
gorithm 2.1 in Chapter 2. It is inspired by the seminal paper Carlin and Chib (1995) and
Hans et al. (2007). This “Metropolized” Carlin and Chib algorithm has been worked out
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recently by Petralias (2010) and Petralias and Dellaportas (2012). The key idea is to fa-
vor local moves of the Markov Chain by defining a neighborhood relationship between
models, via three elementary steps: Addition, deletion, or resampling of a regressor. Let
m =(m1,...,mq) be a model, where m € {0,1}M.

o V* is the set of models which have all the regressors of m plus one.

o V7 is the set of models which have all the regressors of m but one.

¢ In the case of a resampling move, the neighborhood is limited to m.

When adding a regressor, the maximal development on the dictionary D is considered. This
is an improvement over Algorithm 2.1 as it fastens convergence (at each MCMC step, fewer
models are evaluated) and improves flexibility (for example, if D is the trigonometric system,
it is unlikely that only the two or three first functions will be enough). Having chosen
a move with a certain probability (typically, one whould choose numbers of the order of
1/4 for addition and deletion moves, and 1/2 for a resampling move), a candidate vector
is drawn from a Gaussian distribution, centered in the maximum likelihood estimator in
the current model m and with covariance matrix 02 x Id. Maximum likelihood estimators
(MLE) are efficiently computed in most statistical programs for models with reasonable
dimension, which is the case here since the prior (3.7) prevents visiting models containing
more covariates than observations. Further, o2 is the variance of the proposal distribution
and is chosen by the user: The MCMC literature abounds with heuristic rules. One may
try different values for 02 and check acceptance rates, and whether the empirical risk has
stabilized.

One should try to find a balance between the two parameters @ and . The sparsity-
inducing parameter « is to be tuned according to the level of sparsity one expects. The choice
a =1 bears no sparsity and large models will be visited by the chain, so the Metropolis-
Hastings acceptance ratio will only depend on how the candidate model fits the data. In the
same spirit, no matter what the value for « is, a very large value for g will discard most
candidate models as soon as the risk of the associated MLE is stricty larger than the risk
of the current model of the chain. On the contrary, if § is chosen very close to 0, the chain
will ignore how the candidate models fit the data, and is reduced to a random walk on the
models space. In a nutshell, we leave the choice of @ to the user since its calibration is
subject to some sparsity belief; however, we strongly advise to launch several chains with
different values for §, and check wether the chain has converged or not. A good starting
value is f o 1/402, as exhibited for example in Dalalyan and Tsybakov (2012b) and Alquier
and Biau (2013).

Finally, note that the bounding constant r plays a minor role in the implementation,
since its influence is very limited in the acceptation ratio: One may take rather large values
when testing the method. The full algorithm is presented in Algorithm 3.1.

As a first step to validate our method from an empirical perspective, we tested our
method in the three following synthetic models (let us remind here that P(Y = 11X =x) =
1
):

1+exp(—n(x))
Model 3.1. n=1000, d =50, a =0.1, 6> =10"2, f=0.25, n(X) = X2+ X5 + X3 - X3 - 5X.
Model 3.2. n =500, d =500, a =107, 02 =1072, =250, n(X) = X2+ X+ X3 - X3 - 5X5.

Model 3.3. n =300, d =1000, a =102, %2 =1072, f =250, n(X) = X2+ Xs+ X5 X3 -5X5.
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TABLE 3.1 — Quadratic estimation error ﬁ Y
(Xl, Yl), eey (Xgoo, Y200), over 100 replications.

200
i=1

Model 3.1 Model 3.2 Model 3.3

TABLE 3.2 — Missclassification rates Wloz
(X1,Y7),...,X900, Y200), over 100 replications.

Mean
S.d.

0.013
0.032

0.151
0.004

200 ,
i=1 Y £Cr X))

0.133
0.018

Model 3.1 Model 3.2 Model 3.3

(pX;) - ﬁ(Xi))2 on a testing sample

Jj = 1,2, on a testing sample

C

S

S

Mean
S.d.
Mean
S.d.

0.200
0.064
0.144
0.073

0.224
0.005
0.224
0.004

0.211
0.016
0.212
0.014

In our simulations, we let M =7 and as a dictionary, we used the Legendre polynomials,

defined as follows:

1 1 1
¢1:x—x, b x— 5(3x2 -1), ¢3: x— 5(5363 —3x), by x— §(35x4 — 302 +3),

1 1
P5: x— g(63x5 —70x® +15x),  g:x— 1—6(231x6 —315x% + 10522 - 5),

1
P7:x— 1—6(429x7 —693x5 + 315x° — 35x).

In Table 3.1, we report the quadratic error which is committed when substituting p to p,
over a hundred independent replications. What is remarkable is that we achieve a fair
reconstruction of the link function. We also show, in Table 3.2 and Figure 3.1, that both
classifiers (defined in (3.5) and (3.6)) exhibit very satisfactory misclassification rates, pulling
up our method to high standards.

FIGURE 3.1 — Boxplots of misclassification rates, for both classifiers (randomized G} and
deterministic C2) over 100 replications.

(A) Model 3.1.

(B) Model 3.2.

(c) Model 3.3.
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Algorithm 3.1 A Subspace Carlin and Chib-based algorithm

1: Input: pg, Tmin, T'max, © and a2

2: Output: 62.

3: Initialize Y® =0e R for t =0, ..., Trax.

4: for t =1 to Thax do

5:  Denote the current model by m = supp (Y*~ V).

6: Pick a movement i € {+,—, =} with probability g(i).

7. ifie{+,-} then

8 Build up the set of candidate models V?, and for each k € V¢, draw a parameter
vector 0, from N m (MLE,02Id), where MLE denotes the maximum likelihood
estimator in that model, and Id is the identity matrix.

9: Select candidate 8, with probability

0p(0r)/ D2 (64)
¥ jevi p(0,)/ ;0

where ¢, denotes the density of the distribution Nz s (MLE, 0%1d).
10: Set

v _ 0y, with probability «,
lm — Yl(f);D, with probability 1 - «,
where
( 0pOR)Pm (Yf,tn_l)) )
a=min|1, ,
o5 (Yl ") erO8)

and Y‘(fr)l is the restriction of Y® to its entries corresponding to model m.
11: else

12: Draw a parameter vector 8 from N),,,» (Yl(rtn_l)’ U2Id).
13: Set
v _ 0, with probability «,
m = Y{iD, with probability 1-a,
where
P9 (Y1)

a=min| 1, = ,

b5 (Y V) 9(0m)

where ¢ denotes the density of the distribution Nj,;|,m (Yffgl),azld).
14: end if

15: end for
16: Compute
N 1 Tmax
0= ) YO
Tmax - Tmin t=Tmin+1
3.4 Proofs

The scheme of proofs goes as follows. We introduce the two following technical lemmas:
Lemma 3.4.1 (Legendre transform of the Kullback-Leibler divergence) may be found in
Catoni (2004, Equation 5.2.1). Lemma 3.4.2 is a version of Bernstein’s inequality, which
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is adapted from Massart (2007, Proposition 2.9) to the logistic context.

Lemma 3.4.1. Let (A, A) be a measurable space. For any probability y on (A, A) and any
measurable function h : A — R such that f(expOh)dp < 00,

logf(expOh)dp = sup {fhdm—iKL(m,p)},
meML (A, A)

with the convention oo —oo = —oo. Moreover, as soon as h is upper-bounded on the support of
U, the supremum with respect to m on the right-hand side is reached for the Gibbs distribu-
tion g given by
( - exp(h(a))
du J(expoh)du’

Lemma 3.4.2. Denote by ¢ the function ¢ :u — exp(u)—u—1. Let {T;}!_, be a collection of in-
dependent real-valued variables, and let us assume that there exist two positive deterministic
constants v and w such that

€A.

n
Y ET?]<v,
=1

and for any integer k = 3,

> E(T)E] < vw* 2

i=1

E |exp (y i(T,- - [ETi)) ] <exp (v(/):));w)) .

i=1

Then for any y >0,

Proof. Note that for all u <0, ¢p(u) < % ” . Hence, for any y >0 and any i € {1,...,n},

2 k
(»b(YTi)SY +ZY (T)

which yields

ookk2

n 2 n oo Lk n
Y EpT)< L S ET2+ Y LY Bt 1<0 Z
i=1 2 i=1 k=3 k! i=1

%(,b(yw).

Using the elementary inequality logu < u — 1 when u > 0, we obtain

Y Ep(yTi) =) [Eexp(yT;)—yET;-1] = [log[Eexp()/T )—yET;]

k=1 k=1

logEexp [y(T; —ET;)].

Putting all the pieces together, we finally get

Y logEexp [y(T; —ET;)] < vd)(};w)_
k=1 w

As {T;}!_, is a collection of independent variables, taking exponential on both sides of the
latter inequality yields the expected result. O
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Proof of Theorem 3.2.1. For some 0 € O, set T;(0) = ¢(Y;,fp(X;)) for all i =1,...,n. First,
note that since the variables T';(0) are i.i.d., we have

Z[ETZ(G)_Z[EEZ(YL,fg(X ))<Zlog(1+e JECCY;, foXi)) = nlog 1+ €| R(fo) = v(®),

and
S E |ty | < S E (720, T?0)] <log 2 (1+¢€) v(®),
=1 i=1

so we set w dZQflogl"’_2 (1+ eC). Applying Lemma 3.4.2, we get for any >0,

nlog(1+eC)R(fo)p(Bw)

w2

Eexp [Bn(R,(fo) — R(fp))] <exp

i.e., for any € €(0,1),

(/b(,Bw)

Eexp ———R(fgp)—log—| <e.

pr(R,(fo) — R(fp)) -

For any prior m probability, we may write

f Eexp
(€]

and for any posterior p € M}r,n(Q,B(G))),
ng(fw)

w

n([)(ﬂw)

1
pr(Rn(fo) —R(fp)) — R(fe) - lg n(df) se,

d 1
f[Eexp Bn(R,(fo) —R(fo)) — R(fg)—log—p(H)—log— p(df) <e.
e) | drx £

Using the Fubini-Tonelli theorem, we obtain

E no(Pw)
w

d 1
R(f5) ~log 52(6) - log -
dn €

f@ exp | Br(R(fo) - R(fo))

and by Jensen, the previous inequality yields

nd(fw)
w

1
[@ (,Bn(Rn(fe) —R(fp)) - R(fe)) p(d8) —KL(p,m) - logz <e¢

Eexp

Next, we use the elementary inequality exp(fx) = 1(9,0)(x), hence

KL log(1/
o[ [ (Ratr- R~ 20 R i) - 0T 10D
B pn pn

20] <g,

ie.,

XL(p,m) N log(1/¢)
pn pn
We can now proceed analogously with the variables Z;(0) = —T;(8), and we obtain

( KL(p,m) N log(l/e))
1- (,b(ﬁw)/ﬁw Bn Bn

whenever f is such that ¢(Bw) < fw. Since (3.9) holds for any posterior p absolutely contin-
uous with respect to 7, in particular, for the choice p = pg, we get

=>1-e. (3.8)

il )) f R(fa)p(d6) +

f R, (fp)p(d0) = (1 +

P fR(fg)p(d@)_ =1l-¢g, (3.9)
]

f Ru(fo)p(d0) +

=1-

KL(pg,m) N log(l/s))

f Ry fo)op(a0) + = -

P U@R(fa)ﬁﬁ(dg) = W(
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First, note that by Jensen,

fOR(fwﬁﬁ(dH) =R ( f@ feﬁﬁ(dg)) = R(fz).

Further,

exp(_ﬁan(fB))
Joexp (=pnR,(fo)) n(do")

= —pn f@ Ro(fo)pp(d0)~log f@ exp (~fnR(fy)) 1(d6",

KL(pg,m) = f log pp(d6)

which yields

1
1-¢(pw)/ pw

We may now use Lemma 3.4.1:

=1—-€.

P|R(fy) <

log( 1/5))
Bn

1
(—— logf exp (—pnR(fp)) n(d0") +
pn " Jo

P |R(f;) < >1-

fR Fop(d0)+ KL(p,n)}+log(1/£))

Bn Bn

1
1-¢(Bw)/ fw (pemn(@ 3(@)){

Plugging (3.8) in the previous inequality, we obtain

5 ))fR<f> <den%}

N 2log(1/¢) )
Bn

1

P|R(fp) S ——————— inf
(Fg) 1 - ¢(Bw)/ fw (pEM}r’},?@,'B(@))

=>1-2¢,

which is the desired result, using the notation

(/)’([f:}) and + _(p(,[iw)‘

c1(f)=1- Buw

ca(f)=1

O

Proof of Theorem 3.2.2. First, note that under Assumption 3.1 and from (3.7), we get that
C =rC' by the Cauchy-Schwarz inequality.
Now, observe that Theorem 3.2.1 yields

c2(p) {
1) 1€jt\"/t 1pnf /@R(fg)pm(d9)+

P R(féa)— 21_67

2KL(pm, ™) 210g(2/£)}
pnca(pB) Pnca(P)

where ipnf is a shortcut writing denoting the infimum taken on any distribution on Rl

absolutely continuous with respect to 7. Next, adopting the notation 7 =} ,,cn T, We
proceed with

iKL(pm,n)—flog(—(H) d—(@)) om(dO)

d 1_ad+1
=KL(om,7m)+log +|m|010g(1/a)+10g( )
Imlo 1-a

1
<9<L(pm,nm)+|m|010g(d )+|m|010g(1/a)+10g(1 a)’
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where we used the elementary inequality log (Z) < klog(ne/k). Now, we replace ipnf by the

infimum . Binf " and we consider the uniform distribution pg on the ball 8 + B, ,(?), i.e.,
€ Mimlqg r

the ¢5 ball of radius ¢ which is centered in 6 (with ¢ <r —|0]3). We obtain

ca(P) . {f
P R(fz)< f R(fo)ug(do’
(fge) = cl(,B)mEM eeﬁg‘lm‘o(r) 0<t<r |e|z (for)po(dd)
2 de
+— (fKL(pg,nm)+ Imlolog( ) + Imlolog(l/a)+log ) +10g(2/£))} 1-e¢.
pnca(p) Imlo
Note that -
r r
KL(ug,mm) = log(m) = Mlmlolog(;) ,
and since R is Lipschitz,
|| Rttmatae) = || (R(fo)~Rfo) + Rt nota)
<R(fy)+ f@ IR(fo) ~ R(fo)ltto(d0)
<R(f)+ [ Vfor~falua(ae)
<R(fp)+tC’,
using again the Cauchy-Schwarz inequality. To conclude, observe that
2M|m|y r
t—tC'+———1log|—
" Breap) og(3)
admits a global minimum in
_ 2M|mlo
~ Bnca(B)C!
Therefore, under the condition
10 <7 — _2M|mlo
2=77 Bres(B)C”
we obtain
ca2(B) . . { 2 [ ( (ﬁnrcz(ﬁ)C'))
PIR(fs.) < f R M 1+log|—————
Vo) = B mek ot o) VEIO* oy Mo\ 4108 | 50 71ma0,
de 1
+|m|010g( ) + |m|010g(1/a)+log( ) +10g(2/£)] } 1-¢,
Imlo 1-

which is the desired result.



Chapitre 4

COBRA: A Nonlinear Aggregation
Strategy

Abstract. A new method for combining several initial estimators
of the regression function is introduced. Instead of building a linear
or convex optimized combination over a collection of basic estimators
ri,...,ru, we use them as a collective indicator of the proximity be-
tween the training data and a test observation. This local distance
approach is model-free and very fast. More specifically, the result-
ing collective estimator is shown to perform asymptotically at least
as well in the L? sense as the best basic estimator in the collective.
Moreover, it does so without having to declare which might be the
best basic estimator for the given data set. A companion R pack-
age called COBRA (standing for COmBined Regression Alternative)
is presented (downloadable on http://cran.r-project.org/web/
packages/COBRA/index.html). Substantial numerical evidence is
provided on both synthetic and real data sets to assess the excellent
performance and velocity of our method in a large variety of predic-
tion problems.
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4.1 Introduction

Recent years have witnessed a growing interest in aggregated statistical procedures,
supported by a considerable research and extensive empirical evidence. Indeed, the increas-
ing number of available estimation and prediction methods (hereafter denoted machines) in
a wide range of modern statistical problems naturally suggests using some efficient strategy


http://cran.r-project.org/web/packages/COBRA/index.html
http://cran.r-project.org/web/packages/COBRA/index.html
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for combining procedures and estimators. If the combined strategy is known to be optimal
in some sense and relatively free of assumptions that are hard to evaluate, then such a
model-free strategy is a valuable and practical research tool.

In this regard, numerous contributions have enriched the aggregation literature with
various approaches, such as model selection (select the optimal single estimator from a
list of models), convex aggregation (searching for the optimal convex combination of given
estimators, such as exponentially weighted aggregates) and linear aggregation (selecting
the optimal linear combination).

Model selection, linear-type aggregation strategies and related problems have been
studied by Catoni (2004), Juditsky and Nemirovski (2000), Nemirovski (2000), Yang (2000,
2001, 2004), Gyorfi et al. (2002), and Wegkamp (2003). Minimax results have been derived
by Nemirovski (2000) and Tsybakov (2003), leading to the notion of optimal rates of aggre-
gation. Similar results can be found in Bunea et al. (2007a). Further, upper bounds for
the risk in model selection and convex aggregation have been established, for instance by
Audibert (2004a), Birgé (2006), and Dalalyan and Tsybakov (2008). An interesting feature
is that such aggregation problems may be treated within the scope of L!-penalized least
squares, as performed in Bunea et al. (2006, 2007a,b). This kind of framework is also con-
sidered by van de Geer (2008) and Koltchinskii (2009), with the L? loss replaced by another
convex loss. In the agregation literature, let us also mention the work of Juditsky et al.
(2005), Bunea and Nobel (2008), and Baraud et al. (2013). More recently, specific models
such as single-index in Alquier and Biau (2013) and additive models in Guedj and Alquier
(2013) have been studied in the context of aggregation under a sparsity assumption.

This chapter investigates a distinctly different point of view, motivated by the sense
that nonlinear, data-dependent techniques are a source of analytic flexibility and might
improve upon current aggregation procedures. Specifically, consider the following example
of a classification problem: If the ensemble of machines happens to include a strong one,
lurking but unnamed in the collection of which many might be very weak machines, it might
make sense to consider a more sophisticated method than the previously cited ones for
pooling the information across the machines. Choosing to set aside some of the machines,
on some data-dependent criteria, seems only weakly motivated, since the performance of
the collective, retaining those suspect machines, might be quite good on a nearby data
set. Similarly, searching for some phantom strong machine in the collective could also be
ruinous when presented with new and different data.

Instead of choosing either of these options—selecting out weak performers, searching
for a hidden, universally strong performer—we propose an original nonlinear method for
combining the outcomes over some list of plausibly good procedures. We call this combined
scheme a regression collective over the given basic machines. More specifically, we consider
the problem of building a new estimator by combining M estimators of the regression func-
tion, thereby exploiting an idea proposed in the context of classification by Mojirsheibani
(1999). Given a set of preliminary estimators r1,...,r), the idea behind this aggregation
method is a “unanimity” concept, in that it is based on the values predicted by ry,...,ry for
the data and for a new observation x. In a nutshell, a data point is considered to be “close”
to X, and consequently, reliable for contributing to the estimation of this new observation,
if all estimators predict values which are close to each other for x and this data item, i.e.,
not more distant than a prespecified threshold €. The predicted value corresponding to this
query point x is then set to the average of the responses of the selected observations. More
precisely, the average is over the original outcome values of the selected observations, and
not over the estimates provided by the several machines for these observations.
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To make the concept clear, consider the following toy example illustrated by Figure 4.1.
Assume we are given the observations plotted in circles, and the values predicted by two
known machines f; and f2 (triangles pointing up and down, respectively). The goal is to
predict the response for the new point x (along the dotted line). Set a threshold ¢, the black
solid circles are the data points (x;,y;) within the two dotted intervals, i.e., such that for
m=1,2, |fm(X;)— fm(Xo)| < €. Averaging the corresponding y;’s yields the prediction for x

(diamond).

FIGURE 4.1 — A toy example: Nonlinear aggregation of two primal estimators.

(A) How should we predict the query point’s response

(dotted line)?

(C) The collective operates.

(B) The two primal estimators.
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We stress that the central and original idea behind our approach is that the resulting re-
gression predictor is a nonlinear, data-dependent function of the basic predictors r1,...,ry,
but where the predictors are used to determine a local distance between a new, test instance

(D) Predicted value for the query point.
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and the original training data. To the best of our knowledge there exists no formalized pro-
cedure in the machine learning and aggregation literature that operates as does ours.

Along with this chapter, we release the software COBRA (Guedj, 2013a) which imple-
ments the method as an additional package to the statistical software R (see R Core Team,
2013). COBRA is freely downloadable on the CRAN website !. As detailed in Section 4.3, we
undertook a lengthy series of numerical experiments, over which COBRA proved extremely
successful. These stunning results lead us to believe that regression collectives can pro-
vide valuable insights on a wide range of prediction problems. Further, these same results
demonstrate that COBRA has remarkable speed in terms of CPU timings. In the context of
high-dimensional (such as genomic) data, such velocity is critical, and in fact COBRA can
natively take advantage of multi-core parallel environments.

The chapter is organized as follows. In Section 4.2, we describe the combined estimator—
the regression collective—and derive a nonasymptotic risk bound. Next we present the
main result, that is, the collective is asymptotically at least as good as any of the basic es-
timators. We also provide a rate of convergence for our procedure that is faster than the
usual nonparametric rate. Section 4.3 is devoted to the companion R package COBRA and
presents benchmarks of its excellent performance on both simulated and real data sets, in-
cluding high-dimensional models. We also show that COBRA compares favorably with two
competitors, Super Learner (see the seminal paper van der Laan et al., 2007) and expo-
nentially weighted aggregation (among many other references, see Dalalyan and Tsybakov,
2008), in that it performs similarly in most situations, much better in some, while it is con-
sistently faster in every case (for the Super Learner). Finally, for ease of exposition, proofs
are collected in Section 4.4.

4.2 The combined estimator

4.2.1 Notation

Throughout the chapter, we assume we are given a training sample denoted by D,, =
{(X1,Y7),...,X,, Y, D, is composed of i.i.d. random variables taking their values in
R? x R, and distributed as an independent prototype pair (X,Y) satisfying EY? < co (with
the notation X = (X7,...,X4)). The space R? is equipped with the standard Euclidean metric.
Our goal is to consistently estimate the regression function r*(x) = E[Y |X = x], x € R?, using
the data D,,.

Firstly, the original data set D, is split into two sequences Dy = {(X1,Y1),...,Xp, Yz)}
and Dy ={Xp4+1,Y%41),...,X,,Y,)}, with £ = n—k = 1. For ease of notation, the elements of
Dy are renamed {(X1,Y7),...,(Xy, Yy} There is a slight abuse of notation here, as the same
letter is used for both subsets D;, and D,—however, this should not cause any trouble since
the context is clear.

Now, suppose that we are given a collection of M > 1 competing candidates r 1,...,7,
to estimate r*. These basic estimators—basic machines—are assumed to be generated
using only the first subsample D;. These machines can be any among the researcher’s
favorite toolkit, such as linear regression, kernel smoother, SVM, Lasso, neural networks,
naive Bayes, or random forests. They could equally well be any ad hoc regression rules
suggested by the experimental context. The essential idea is that these basic machines can
be parametric or nonparametric, or indeed semi-parametric, with possible tuning rules. All

1. http://cran.r-project.org/web/packages/COBRA/index.html
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that is asked for is that each of the rj ,,(x), m =1,...,M, is able to provide an estimation of
r*(x) on the basis of D, alone. Thus, any collection of model-based or model-free machines
are allowed, and the collection is here called the regression collective. Let us emphasize
here that the number of basic machines M is considered as fixed throughout this chapter.
Hence, the number of machines is not expected to grow and is typically of a reasonable size
(M is chosen on the order of 10 in Section 4.3).

Given the collection of basic machines ry = (r; 1,...,7% m), we define the collective esti-

mator T', to be
l

T, (rp(x) = Y. W, (x)Y;, xeR?,
i=1

where the random weights W, ;(x) take the form

Lo g )= m Kol <e )

1

Wn,i(x) = (4.1)

=1 M e @) —7 (X ))I<e )

In this definition, £, is some positive parameter and, by convention, 0/0 = 0.

The weighting scheme used in our regression collective is distinctive but not obvious.
Starting from Devroye et al. (1996) and Gyorfi et al. (2002), we see that T, is a local aver-
aging estimator in the following sense: The value for r*(x), that is, the estimated outcome
at the query point x, is the unweighted average over those Y;’s such that X; is “close” to the
query point. More precisely, for each X; in the sample D/, “close” means that the output at
the query point, generated from each basic machine, is within an ¢, distance of the output
generated by the same basic machines at X;. If a basic machine evaluated at X; is close
to the basic machine evaluated at the query point x, then the corresponding outcome Y; is
included in the average, and not otherwise. Also, as a further note of clarification: “Close-
ness” of the X; is not here to be understood in the Euclidean sense. It refers to closeness
of the basic machine outputs at the query point with basic machine outputs over all points
in the training data. Training points X; that are close, in the basic machine sense, to the
corresponding basic machine output at the query point contribute to the indicator function
for the corresponding outcome Y;. This alternative approach is motivated by the fact that
a major issue in learning problems consists of devising a metric that is suited to the data
(see, e.g., the monograph by Pekalska and Duin, 2005).

In this context, £, plays the role of a smoothing parameter: Put differently, in order to
retain Y;, all basic estimators ry 1,...,7% a have to deliver predictions for the query point x
which are in a £/-neighborhood of the predictions r 1(X;),...,rz »(X;). Note that the greater
£y, the more tolerant the process. It turns out that the practical performance of T, strongly
relies on an appropriate choice of €,. This important question will thoroughly be discussed
in Section 4.3, where we devise an automatic (i.e., data-dependent) selection strategy of €.

Next, we note that the subscript n in T, may be a little confusing, since T',, is a weighted
average of the Y;’s in D, only. However, T',, depends on the entire data set D, as the rest of
the data is used to set up the original machines ry, 1,...,7; 3. Finally, and most importantly,
it should be noticed that the combined estimator 7', is nonlinear with respect to the basic
estimators ry, ,,’s. This makes it very different from techniques derived from model selection
or convex and linear aggregation literature. As such, it is inspired by the preliminary work
of Mojirsheibani (1999) in the supervised classification context.

In addition, let us mention that, in the definition of the weights (4.1), all original es-
timators are invited to have the same, equally valued opinion on the importance of the
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observation X; (within the range of ¢,) for the corresponding Y; to be integrated in the com-
bination T',,. However, this unanimity constraint may be relaxed by imposing, for example,
that a fixed fraction a € {1/M,2/M,...,1} of the machines agree on the importance of X;. In
that case, the weights take the more sophisticated form

1

l
. M
J=1 o1 Lirg py 0-rp X isep =M a}

M
X1 Lirg p@-rp X pise 1 ZM @)

Wh,i(x) =

It turns out that adding the parameter a does not change the asymptotic properties of T',,
provided a — 1. Thus, to keep a sufficient degree of clarity in the mathematical statements
and subsequent proofs, we have decided to consider only the case a = 1 (i.e., unanimity).
We leave as an exercise extension of the results to more general values of @. On the other
hand, as highligthed by Section 4.3, @ has a nonnegligible impact on the performance of the
combined estimator. Accordingly, we will discuss in Section 4.3 an automatic procedure to
select this extra parameter.

4.2.2 Theoretical performance

This section is devoted to the study of some asymptotic and nonasymptotic properties of
the combined estimator T',, whose quality will be assessed by the quadratic risk

E| T, (0 (X)) — r* (X)| .

Here and later, E denotes the expectation with respect to both X and the sample D,,. Ev-
erywhere in the document, it is assumed that [Elrk,m(X)I2 <ooforallm=1,...,M. Moreover,
we shall need the following technical requirement: For any m =1,...,M,

rpb((t,+00) N @ and 1 (—oo,t) \. @. (4.2)

t]+oo t|—oo

It is stressed that this is a mild assumption which is met, for example, whenever the ma-
chines are bounded. Throughout, we let

T (r(X)) = E[Y |rr(X)]
and note that, by the very definition of the L? conditional expectation,

EIT(r,X)-Y % < nflf[m X)) -Y 2, (4.3)

where the infimum is taken over all square integrable functions of rz(X).

Our first result is a nonasymptotic inequality, which states that the combined estimator
behaves as well as the best one in the original list, within a term measuring how far T, is
from T'.

Proposition 4.2.1. Let r; = (ry1,...,7%,m) be the collection of basic estimators, and let
T, (ry(x)) be the combined estimator. Then, for all distributions of (X,Y) with EY?2 < oo,

E|T, (X)) — r*(X)|? < E| T, (rp, (X)) — T (X)) + i?f[af(rk(x» -r*X)?,

where the infimum is taken over all square integrable functions of r3(X). In particular,

EIT, (X)) - r*(X)|? < glnnME|rk,m(x>—r*(X)|2 +E| T, (X)) — Ty, (X))|2.
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Note that since, for example, Proposition 4.2.1 holds for any square integrable function
of r;(X), this result allows to derive inequalities linked to any existing aggregation proce-
dure: One may consider linear or convex aggregation as well.

Proposition 4.2.1 reassures us on the performance of T,, with respect to the basic ma-
chines, whatever the distribution of (X,Y) is and regardless of which initial estimator is
actually the best. The term min,,-1,._ s Elr »,X) - r*(X)|? may be regarded as a bias term,
whereas the term E|T',(r; (X)) — T'(ry(X))|? is a variance-type term, which can be asymptoti-
cally neglected.

Proposition 4.2.2. Assume that €, — 0 and 652’1 —ooas ¢ — oo. Then
EIT, (e (X)) - T X)? -0 as £ — oo,
for all distributions of X,Y) with EY? < co. Thus,

limsupE |T, (0p(X) - r*X)° < min_ E|rpX)-r*X)|°.
/=00 m=1,...M

This result is remarkable, for these two reasons. Firstly, it shows that, in terms of
predictive quadratic risk, the combined estimator does asymptotically at least as well as
the best primitive machine. Secondly, the result is universal, in the sense that it is true for
all distributions of (X,Y), without exceptions.

This is especially interesting because the performance of any estimation procedure even-
tually depends upon some model and smoothness assumptions on the observations. For ex-
ample, a linear regression fit performs well if the distribution is truly linear, but may behave
poorly otherwise. Similarly, the Lasso procedure is known to do a good job for non-correlated
designs (see van de Geer, 2008), with no clear guarantee however in adversarial situations.
Likewise, rates of convergence of nonparametric procedures such as the k-nearest neighbor
method, kernel estimators and random forests dramatically deteriorate as the ambient di-
mension increases, but may be significantly improved if the true underlying dimension is
reasonable. This phenomenon is thoroughly analyzed for the random forests algorithm in
Biau (2012).

The universal result exhibited in Proposition 4.2.2 does not require any regularity as-
sumption on the basic machines. However, this universality comes at a price since we have
no guarantee on the rate of convergence of the variance term. Nevertheless, assuming some
light additional smoothness conditions, one has the following result.

Theorem 4.2.1. Assume that Y and the basic machines ry are bounded by some constant
R. Assume moreover that there exists a constant L =0 such that, for every k =1,

IT(r(x) - T ()] < LIrp(x) - 14(y)l, x,yeR?
Then, with the choice €y [‘ﬁ, one has

E|T, (r(X) - r*(X)| < min E[rm(X) - PX)|* + Coi,

for some positive constant C = C(R,L), independent of k.

Theorem 4.2.1 offers an oracle-type inequality with leading constant 1, stating that the
risk of the regression collective is bounded by the lowest risk amongst those of the basic
machines, i.e., our procedure mimics the performance of the oracle over the set {r; ,: m =
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1,...,M}, plus a remainder term of the order of ¢~2™+2) which is the price to pay for ag-

gregating. In our setting, it is important to observe that this term has a limited impact. As
a matter of fact, since the number of basic machines M is assumed to be fixed and not too
large (the implementation presented in Section 4.3 considers M at most 6), the remainder
term is negligible compared to the standard nonparametric rate £~2(¢*2 in dimension d.
While the rate ¢~2(+2) ig affected by the curse of dimensionality when d is large, this is
not the case for the term ¢~2™+2)_ Obviously, under the assumption that the distribution
of (X,Y) might be described parametrically and that one of the initial estimators is adapted
to this distribution, faster rates of the order of 1/¢ could emerge in the bias term. Nonethe-
less, the regression collective is designed for much more adversarial regression problems,
hence the rate exhibited in Theorem 4.2.1 appears satisfactory. As a final comment to this
result, we stress that our approach carries no assumption on the random design and mild
ones over the primal estimators, whereas stringent conditions over the deterministic design
and/or the primal estimators are necessary to prove similar results in other aggregation
procedures such as the Lasso (van de Geer, 2008; Bunea et al., 2007b).

The central motivation for our method is that model and smoothness assumptions are
usually unverifiable, especially in modern high-dimensional and large scale data sets. To
circumvent this difficulty, researchers often try many different methods and retain the one
exhibiting the best empirical (e.g., cross-validated) results. Our aggregation strategy offers
a nice alternative, in the sense that if one of the initial estimators is consistent for a given
class M of distributions, then, under light smoothness assumptions, 7', inherits the same
property. To be more precise, assume that the aggregation problem is well-specified, i.e.,
that one of the original estimators, say ry ,,, satisfies

E|rhm,X) —r*X)|* =0 as k— oo,

for all distribution of (X, }/) in some class M. Then, under the assumptions of Theorem 4.2.1,
with the choice €y x ¢~ ¥+2, one has

i E |, (X)) - r*X)|* =0.

4.3 Implementation and numerical studies

This section is devoted to the implementation of the described method. Its excellent
performance is then assessed in a series of experiments. The companion R package COBRA
(standing for COmBined Regression Alternative) is available on the CRAN website http:
//cran.r-project.org/web/packages/COBRA/index.html, for Linux, Mac and Windows
platforms, see Guedj (2013a). COBRA includes a parallel option, allowing for improved
performance on multi-core computers (see Knaus, 2010).

As raised in the previous section, a precise calibration of the smoothing parameter ¢ is
crucial. Clearly, a value that is too small will discard many machines and most weights will
be zero. Conversely, a large value sets all weights to 1/X with

l
z= 21 Lot (O —rpm (Xl <)
J:

giving the naive predictor that does not account for any new data point and predicts the
mean over the sample D,. We also consider a relaxed version of the unanimity constraint:
Instead of requiring global agreement over the implemented machines, consider some «a €
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(0,1] and keep observation Y; in the construction of 7', if and only if at least a proportion a
of the machines agree on the importance of X;. This parameter requires some calibration.
To understand this better, consider the following toy example: On some data set, assume
most machines but one have nice predictive performance. For any new data point, requiring
global agreement will fail since the pool of machines is heterogeneous. In this regard, «
should be seen as a measure of homogeneity: If a small value is selected, it should be
seen as an indicator that some machines perform (possibly much) better than some others.
Conversely, a large value indicates that the predictive abilities of the machines are close.

A natural measure of the risk in the prediction context is the empirical quadratic loss,
namely

R R
RY)==) (¥;-Y;)?
b =1

where Y = (171,...,171,) is the vector of predicted values for the responses Y7,...,Y, and
{(XJ-,YJ-)}I;.’:1 is a testing sample. We adopted the following protocol: Using a simple data-

splitting device, €, and a are chosen by minimizing the empirical risk R over the set
{€¢min>---»€0,maxt x{1/M,..., 1}, where €/ min = 107390 and £¢ max 18 proportional to the largest
absolute difference between two predictions of the pool of machines. In the package, the dis-
cretization #{€/ min,...,€¢ max} may be modified by the user, otherwise the default value 200
is chosen. It is also possible to choose either a linear or a logistic scale. Figure 4.2 illustrates
the discussion about the choice of €, and a.

By default, COBRA includes the following classical packages dealing with regression es-
timation and prediction. However, note that the user has the choice to modify this list to
her/his own convenience:

— Lasso (R package lars, see Hastie and Efron, 2012).

— Ridge regression (R package ridge, see Cule, 2012).

— k-nearest neighbors (R package FNN, see Li, 2013).

— CART algorithm (R package tree, see Ripley, 2012).

— Random Forests algorithm (R package randomForest, see Liaw and Wiener, 2002).
First, COBRA is benchmarked on synthetic data. For each of the following eight models, two
designs are considered: Uniform over (-1, 1)¢ (referred to as “Uncorrelated” in Table 4.1, Ta-
ble 4.2 and Table 4.3), and Gaussian with mean 0 and covariance matrix X with Z;; = 27117/
(“Correlated”). Models considered cover a wide spectrum of contemporary regression prob-
lems. Indeed, Model 4.1 is a toy example, Model 4.2 comes from van der Laan et al. (2007),
Model 4.3 and Model 4.4 appear in Meier et al. (2009). Model 4.5 is somewhat a classic set-
ting. Model 4.6 is about predicting labels, Model 4.7 is inspired by high-dimensional sparse
regression problems. Finally, Model 4.8 deals with probability estimation, forming a link
with nonparametric model-free approaches such as in Malley et al. (2012). In the sequel,
we let N(u,02) denote a Gaussian random variable with mean p and variance o2. In the
simulations, the training data set was usually set to 80% of the whole sample, then split
into two equal parts corresponding to Dj, and D,.

Model 4.1. n =800, d =50, Y = X% + exp(—X2).
Model 4.2. n=600, d =100, Y = X1 X + X2 - X4 X7+ XgX10 - X2 + N(0,0.5).
Model 4.3. n =600, d =100, Y = —sin(2X1) + X3 + X3 — exp(-X4) + N(0,0.5).

Model 4.4. n =600, d = 100, Y = X7 +(2Xs — 1) + sin(27X3)/(2 — sin(27X3)) + sin(27X4) +
2c08(271X4) + 3sin?(2nX ) + 4 cos2(21X4) + N(0,0.5).
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Model 4.5. n="700, d =20, Y = Lx,>0) + X5 + L{X,+Xs-Xs—Xo>1+X14} + €xp(—~X3) + N(0,0.5).
Model 4.6. n =500, d =30, Y = 3,2, 1(x3.0~ Linio,1>1.25-

Model 4.7. n =600, d =300, Y = X2 + X2X3exp(—|X4]) + X6 — X5 +N(0,0.5).

Model 4.8. n =600, d =50, Y = Lix,, x3.4 X, +sin(X15X15)+N0,0.1)>0.38)

Table 4.1 presents the mean quadratic error and standard deviation over 100 indepen-
dent replications, for each model and design. Bold numbers identify the lowest error, i.e.,
the apparent best competitor. Boxplots of errors are presented in Figure 4.3 and Figure 4.4.
Further, Figure 4.5 and Figure 4.6 shows the predictive capacities of COBRA, and Figure 4.7
depicts its ability to reconstruct the functional dependence over the covariates in the con-
text of additive regression, assessing the striking performance of our approach in a wide
spectrum of statistical settings. A persistent and notable fact is that COBRA performs at
least as well as the best machine, significantly so in Model 4.3, Model 4.5 and Model 4.6.

Next, since an increasing number of problems in contemporary statistics involve high-
dimensional data, we have tested the abilities of COBRA in that context. As highlighted by
Table 4.4 and Figure 4.8, the main message is that COBRA is perfectly able to deal with high-
dimensional data, provided that it is generated over machines, at least some of which are
known to perform well in such situations (possibly at the price of a sparsity assumption).
In that context, we conducted 200 independent replications for the three following models:

Model 4.9. n =500, d =1000, Y = X + 3X§ —2exp(—X5) + Xg. Uncorrelated design.

Model 4.10. n =500, d =1000, Y =X + 3X§ —2exp(—X5)+ Xg. Correlated design

Model 4.11. n =500, d = 1500, Y = exp(—X1) + exp(X1) + 2722)(;'/ 190 trncorrelated design.

A legitimate question that arises is where one should cut the initial sample D,,? In other
words, for a given data set of size n, what is the optimal value for £? A naive approach is
to cut the initial sample in two halfs (i.e., £ = n/2): This appears to be satisfactory provided
that n is large enough, which may be too much of an unrealistic assumption in numerous
experimental settings. A more involved choice is to adopt a random cut scheme, where % is
chosen uniformly in {1,...,n}. Figure 4.9 presents the boxplot of errors of the five default
machines and COBRA with that random cutting strategy, and also shows the risk of COBRA
with respect to k: To illustrate this phenomenon, we tested a thousand random cuts on the
following Model 4.12. As showed in Figure 4.9, for that particular model, the best value
seems to be near 3n/4.

Model 4.12. n=1200,d =10, Y =X + 3X§ —2exp(—X5)+ Xg. Uncorrelated design.

The average risk of COBRA on a thousand replications of Model 4.12 is 0.3124. Since this
delivered a thousand prediction vectors, a natural idea is to take their mean or median. The
risk of the mean is 0.2306, and the median has an even better risk (0.2184). Since a random
cut scheme may generate some unstability, we advise practitioners to compute a few COBRA
estimators, then compute the mean or median vector of their predictions.

Next, we compare COBRA to the Super Learner algorithm (Polley and van der Laan,
2012). This widely used algorithm was first described in van der Laan et al. (2007) and
extended in Polley and van der Laan (2010). Super Learner is used in this section as the
key competitor to our method. In a nutshell, the Super Learner trains basic machines
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r1,...,ry on the whole sample D,. Then, following a V-fold cross-validation procedure,
Super Learner adopts a V-blocks partition of the set {1,...,n} and computes the matrix

l<j=M
l<isn’

H =(H;;)

where H;; is the prediction for the query point X; made by machine j trained on all remain-
ing V —1 blocks, i.e., excluding the block containing X;. The Super Learner estimator is
then

M

SL = Z a;rj,

j=1

where .
aearginf) |Y; —(Ha);|?,

aeAM =1

with AM denoting the simplex

M
AM:{aEIRM: Zajzl, ajEOforanyjzl,...,M}.

Jj=1

Although this convex aggregation scheme is significantly different from our regression col-
lective scheme, it is similar to the approach used in the SuperLearner package, in that
both allow the user to aggregate as many machines as desired, then blending them to de-
liver predictive outcomes. For that reason, it is reasonable to deploy Super Learner as a
benchmark in our study of regression collectives.

Table 4.2 summarizes the performance of COBRA and SuperLearner (used with the
functions SL.randomForest, SL.ridge and SL.glmnet, for the fairness of the comparison)
through the described protocol. Both methods compete on similar terms in most models, al-
though COBRA proves much more efficient on correlated design in Model 4.2 and Model 4.4.
This already remarkable result is to be stressed by the flexibility and velocity showed by
COBRA. Indeed, as emphasized in Table 4.3, without even using the parallel option, COBRA
obtains similar or better results than SuperLearner roughly five times faster. Note also
that COBRA suffers from a disadvantage: SuperLearner is built on the whole sample D,
whereas COBRA only uses ¢ < n data points. Finally, observe that the algorithmic cost of
computing the random weights on nit query points is £ x M x niest operations. In the
package, those calculations are handled in C language for optimal speed performance.

Super Learner is a natural competitor on the implementation side. However, on the the-
oretical side, we do not assume that it should be the only benchmark: Thus, we compared
COBRA to the popular exponentially weighted aggregation method (EWA). We implemented
the following version of the EWA: For all preliminary estimators ry 1,...,7% u, their empir-
ical risks R1,...,R s are computed on a subsample of D, and the EWA is

M
EWA;: x— Z wjry ;(x), x€ Rd,
j=1

where )
_ exp(-pR))

> exp(-pR;)’
The temperature parameter § > 0 is selected by minimizing the empirical risk of EWAg
over a data-based grid, in the same spirit as the selection of £, and a. We conducted 200
independent replications, on Models 4.9 to 4.12. The conclusion is that COBRA outperforms

w; j=1,....M.
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the EWA estimator in some models, and delivers similar performance in others, as shown
in Figure 4.10 and Table 4.5.

Finally, COBRA is used to process the following real-life data sets:

— Concrete Slump Test? (see Yeh, 2007).

— Concrete Compressive Strength ® (see Yeh, 1998).

— Wine Quality * (see Cortez et al., 2009). We point out that the Wine Quality data
set involves supervised classification and leads naturally to a line of future research
using COBRA as a regression collective over probability machines (see Malley et al.,
2012).

The good predictive performance of COBRA is summarized in Figure 4.11 and errors are
presented in Figure 4.12. For every data set, the sample is divided into a training set (90%)
and a testing set (10%) on which the predictive performance is evaluated. Boxplots are
obtained by randomly shuffling the data points a hundred times.

As a conclusion to this thorough experimental protocol, it is our belief that COBRA sets a
new high standard of reference, a benchmark procedure, both in terms of performance and
velocity, for prediction-oriented problems in the context of regression.

2. http://archive.ics.uci.edu/ml/datasets/Concrete+Slump+Test.
3. http://archive.ics.uci.edu/ml/datasets/Concrete+Compressive+Strength.
4. http://archive.ics.uci.edu/ml/datasets/Wine+Quality.
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TABLE 4.1 — Quadratic errors of the implemented machines and COBRA. Means and stan-
dard deviations over 100 independent replications.

Uncorr. lars ridge fnn tree rf COBRA
Model 4.1 ™ 0.1561 0.1324 0.1585 0.0281 0.0330  0.0259
sd. 0.0123 0.0094 0.0123 0.0043 0.0033 0.0036
Model 4.2 ™ 0.4880 0.2462 0.3070 0.1746 0.1366 0.1645
sd. 0.0676 0.0233 0.0303 0.0270 0.0161  0.0207
Model 4.3 ™ 0.2536 0.5347 1.1603 0.4954 0.4027 0.2332
sd. 0.0271 0.4469 0.1227 0.0772 0.0558 0.0272
Model 4.4 ™ 7.6056 6.3271 10.5890 3.7358 3.5262 3.3640
sd. 0.9419 1.0800 0.9404 0.8067 0.3223 0.5178
Model 45 ™ 0.2943 0.3311 0.5169 0.2918 0.2234  0.2060
sd. 0.0214 0.1012 0.0439 0.0279 0.0216 0.0210
Model 4.6 ™ 0.8438 1.0303 2.0702 2.3476 1.3354 0.8345
sd. 0.0916 0.4840 0.2240 0.2814 0.1590 0.1004
Model 4.7 ™ 1.0920 0.5452 0.9459 0.3638 0.3110 0.3052
sd. 0.2265 0.0920 0.0833 0.0456 0.0325 0.0298
Model 48 ™ 0.1308 0.1279 0.2243 0.1715 0.1236  0.1021
sd. 0.0120 0.0161 0.0189 0.0270 0.0100 0.0155
Corr. lars ridge fnn tree rf COBRA
Model 4.1 ™ 2.3736 1.9785 2.0958 0.3312 0.5766 0.3301
sd. 0.4108 0.3538 0.3414 0.1285 0.1914 0.1239
Model 4.2 ™ 8.1710 4.0071 4.3892 1.3609 14768 1.3612
sd. 15532 0.6840 0.7190 0.4647 0.4415 0.4654
Model 4.3 ™ 6.1448 6.0185 8.2154 4.3175 4.0177 3.7917
sd. 11.9450 12.0861 13.3121 11.7386 12.4160 11.1806
Model 4.4 ™ 60.5795 42.2117 51.7293 9.6810 14.7731 9.6906
sd. 11.1303 9.8207 10.9351 3.9807 5.9508  3.9872
Model 45 ™ 6.2325  7.1762 10.1254 3.1525 4.2289 2.1743
sd. 24320 3.5448 3.1190 2.1468 2.4826 1.6640
Model 4.6 ™ 1.2765 1.5307 2.5230 2.6185 1.2027 0.9925
sd. 0.1381 09593 0.2762 0.3445 0.1600 0.1210
Model 4.7 ™ 20.8575 4.4367 5.8893 3.6865 2.7318 2.9127
sd. 7.1821 1.0770 1.2226 1.0139 0.8945 0.9072
Model 4.8 ™ 0.1366  0.1308 0.2267 0.1701 0.1226  0.0984
sd. 0.0127 0.0143 0.0179 0.0302 0.0102 0.0144
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TABLE 4.2 - Quadratic errors of TABLE 4.3 — Average CPU-times in sec-
SuperLearner and COBRA. Means and onds. No parallelization. Means and
standard deviations over 100 indepen- standard deviations over 10 independent
dent replications. replications.

Uncorr. SL COBRA Uncorr. SL COBRA
wiain o 9 wwin ) Se b
waass T S U an m S
T T
waass S B aais n B S
w7 %D ai n EE
Model 45 3 Gotar 00208 Model 45 5 Vs o

Corr. SL COBRA Corr. SL COBRA
Model 41 T (otg 1062 Model41 [y OOV
s [ M OB s m e
Model 4.4 [ B0 0905 Modelaa T 58 1311
Model 45 [ Toan i00 Model 45 [ Gss  oor
Model 46 1 01107 Gagns Model 6 TS Ol
w7 NN i n e g
Model 4.8 ™ 0.1116 0.1045 Modelag ™ 3131 6.24

sd. 0.0111 0.0216 sd. 0.73 0.11
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TABLE 4.4 — Quadratic errors of the implemented machines and COBRA in high-dimensional
situations. Means and standard deviations over 200 independent replications.

lars ridge fnn tree rf COBRA

Model 4.9 m. 15698 29752 3.9285 1.8646 1.5001 0.9996
odet . sd. 0.2357 0.4171 0.5356 0.3751 0.2491 0.1733
m. 5.2356 5.1748 6.1395 6.1585 4.8667 2.7076

Model 4.10
sd. 0.6885 0.7139 0.9192 0.9298 0.6634 0.3810
Model 4.11 m. 0.1584 0.1055 0.1363 0.0058 0.0327 0.0049
odet . sd. 0.0199 0.0119 0.0176 0.0010 0.0052 0.0009

TABLE 4.5 — Quadratic errors of exponentially weighted aggregation (EWA) and COBRA. 200
independent replications.

EWA  COBRA
Model 4.9 :3: (1):;(7)33 a;zgg
Model 4.10 :(; gj‘éggg 192.-14236573
Model 4.11 :3 g:gii; gjg;?;
Model 4.12 :3 8:3;: gfgéﬁ
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FIGURE 4.2 — Examples of calibration of parameters £, and a. The bold point is the mini-
mum.

(A) Model 4.5, uncorrelated design. (B) Model 4.5, correlated design.
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FIGURE 4.3 — Boxplots of quadratic errors, uncorrelated design. From left to right: lars,
ridge, fnn, tree, randomForest, COBRA.
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FIGURE 4.5 — Prediction over the testing set, uncorrelated design. The more points on the
first bissectrix, the better the prediction.
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FIGURE 4.7 — Examples of reconstruction of the functional dependencies, for covariates 1
to 4.

(A) Model 4.1, uncorrelated design. (B) Model 4.1, correlated design.
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FIGURE 4.8 — Boxplot of errors, high-dimensional models.
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4.4 Proofs

4.4.1 Proof of Proposition 4.2.1
We have

E|T, (X)) — r*(X)|2 = E| T, (r3 (X)) — T (X)) + E| T}, (X)) — r*(X) |2
— 2E[(T, (r,(X)) — T, XN)(T'(rf, (X)) — r* (X))].

As for the double product, notice that

E[(T,, (r7, (X)) — T, XN T (r, (X)) — 7*(X))]
= E[E[(T) (X)) - T XT (X)) — r* X)) (X), Dy ||
=E (T, X)) - T X))NE [T X)) - r* X)[r(X), Dy |-

But

Elr* X)|r,(X), D, 1 = Elr* X)|r (X)]
(by independence of X and D,,)
= E[E[Y [X]|rz(X)]
= E[Y |rp(X)]
(since o(r (X)) c (X))
= T'(rp(X)).

Consequently,
EL(T (rr (X)) — T, ST (X)) — r*X)] =0

and
EIT, (X)) — r*(X) |2 = E| T, (r (X)) — T (X)) + E| T (X)) — r* (X)|2.

Thus, by the very definition of the conditional expectation, and using the fact that T'(r;(X)) =
Elr* (X)|r (X1,

EIT, (X)) — r*(X)|? < EIT, (rp (X)) - T (X)) + iI]}f[EIf(rk(X)) -r*X)%,

where the infimum is taken over all square integrable functions of r;(X). In particular,

EIT, @, X)) -r*X)? < minME|rk,m(X)—r*<X)|2+E|Tn(rk(X)>—T(rk(x»|2,

m=1,...,

as desired.

4.4.2 Proof of Proposition 4.2.2

Note that the second statement is an immediate consequence of the first statement and
Proposition 4.2.1, therefore we only have to prove that

EIT, (r,X)-T@,X)2—0 asl—oco.

We start with a technical lemma, whose proof can be found in the monograph by Gyorfi
et al. (2002).
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Lemma 4.4.1. Let B(n,p) be a binomial random variable with parameters n =1 and p > 0.

Then
1

1+B(n,p)

1
=
p(n+1)

and
LiB(n,p)>0) .2

B(n,p) | p(n+1)

For all distribution of (X,Y), using the elementary inequality (¢ +b +¢)? < 3(a?+ b2 +¢2),
note that

E|T, (ry (X)) — T'(r,(X))|?

¢ 2
=E|Y W, X)(Y; - T(rp (X)) + Tep(X;)) - T (X)) + T(r(X))) — T(r(X))
i=1
[ 2
< 3E| Y. W, XNT (X)) — T(x(X))) (4.4)
i=1
¢ 2
+3E| Y W, (X)(Y; - Trp(X;))) (4.5)
i=1
¢ 2
+3E ( Wi (X)— 1) Trr(X))| . (4.6)
i=1

Consequently, to prove the proposition, it suffices to establish that (4.4), (4.5) and (4.6)
tend to 0 as ¢ tends to infinity. This is done, respectively, in Proposition 4.4.1, Proposi-
tion 4.4.2 and Proposition 4.4.3 below.

Proposition 4.4.1. Under the assumptions of Proposition 4.2.2,
2

14
Hm E| Y Wa, (XTI (X)) - T (X))| =0.
— |i=1

Proof of Proposition 4.4.1. By the Cauchy-Schwarz inequality,

2

¢
Y Wy i XN(T' (X)) — T'(x(X)))
i=1

E

2

=E

4
3 Wi i () W OO (T, (X)) = T (X0))
i=1

4
<E|Y W, ,X)
=1

4
j= =

1

W, (X) T (X;)) - T(rk(X))F]
1

4
=E|Y W, X IT(rX;) - T(rk(X))F}
i=1

=A,.

The function T is such that E[T?(r;(X))] < co. Therefore, it can be approximated in an
L? sense by a continuous function with compact support, say 7. This result may be found in
many references, amongst them Gyorfi et al. (2002, Theorem A.1). More precisely, for any
n> 0, there exists a function 7' such that

E| T (X)) - T (X0)|* <.
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Consequently, we obtain

A, =E éWn,i(XNT(rk(Xi)) - T(rk(X))IZ}
<3E éwn,i(an(rk(Xi)) - T(rk(xi))|2]
+3E éwn,i(an(rk(Xi)) - T(rk(X))F]
+3E ilwn,i(xn:ﬁ(rk(x» - Ty, (X))|2]
= 3An1:3An2 +3A,3.

Computation of A,3. Thanks to the approximation of T by T,

¢
Y Wi X)IT(x, (X)) - Tr(X)) 2
i=1

< E|T (X)) - T X)|* <.

Aus=E

|

Computation of A .

¢
Y Wi XIT (e (X)) - T (X))
i=1

Denote by u the distribution of X. Then,

An=E

Lo (1 R)—rpm (Kl )

=/(E

- T (K1) - T(xy (Xl))|2] :
i1 Lo i 01 (X p)i<e )

_ ([E{ f T () — T ()2
[Rd

f 1
l
RE LM i - rpm@iser) T 222 1M (1rg () —rp (X )Iser)

p(da) }

Let us prove that

f[Rd ]]_mM

14
i@ -rimizet T X jmo LM (im0 0-r X))

MY l7 g ®)—Th (W) </}

x E

,u(dx)‘Dk]

1

MM {7 () —Th m (W) ()

Ay =E

;u(dX)‘@k]

2M
s —.
¢
To this aim, observe that
f 1

txeM_y L (U m (@ —e0,7 5 m(@)+e,D)

=E

2M

p=1

E
2 [fmad 1+30,1

l
R 1+ ijz H{Xjeﬂ%ﬂ r,;}m([rk,m(x)—w,rk,m(x)+£z])}
1

x€Uq,.appenaM rea L nenrgh (N )

[
Rd 1 + ijz :H'{XJEHM r*l

m=1Tpom ([T, () =€, o (X)+€, 1)}

Lixer? uy

/.l(dx)‘®k

u(dX)‘ka

ey r s e m®)=e,rkm(X)+eD)

u(dX)’@k
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Here, I,IL m) = [T'k m(W)—€¢,7p, m(u)], n 2 @) =[rpm),ry )+, and RE(u) is the p-th
set of the form . (I a11(u)) n- (I ay M(u)) assuming that they have been ordered using

the 1ex1cograph1c order of (al, ,a M)

Next, note that

M
xeRw =R e () rpt (rpm®) =&, 7pm(X) +£7D).
m=1
To see this, just observe that, for all m =1,...,M, if ry ,,(2) € [r} (W) — €, 7 n (W], ie.,
remW)—€¢ <11 5 (2) <7} pm(0), then, asry p,(w)—e¢ <7} 1, (X) <1 p(w), one has ry ,,(x)—€, <
Tk,m(Z) < g m(X) +€p. Similarly, if ry, (1) < rp p(2) < rp pm(a)+ep, then 1y (1) < 1p (%) <
ry,m(a) + &g implies ry ,,(X) — €7 <1} 1 (2) <7}, (X) + €0. Consequently,

2M 1 P
Al = Z E f {xeR; (u)} ﬂ(dx)‘gk}
= . 1+Zf:z Iix;eRr2 (u))
I RE (u)}
=) E 7 Dp,
p=1 [ 1+ o Ix;erE ()
oM p
=YE ,u{Rnp(u)}
p=1 LRy (w)}
2M
S —_—
¢

(by the first statement of Lemma 4.4.1). Thus, returning to A, 1, we obtain

A1 = 2YE | T(rp(X) - T, X)) < 2.
Computation of A,9. For any 6 >0, write

An2:[E

¢l
Y W, X T (e (X)) - T<rk(x»|2]
i=1

l
=E Zi W, XN T (e (X)) — T (X)) ]]'UA,,/{1{|rk,m(x)_rk,m(xi)|>5}}
1=

4
E Zl Wo,i XIT (rr (X)) — T(I‘k(X))|2 ]Lmﬂ”{1{|rk’m(x)_rk,m(xi)|5§}]
1=

<4 sug IT(rk(u))l E Z W, L(X)ILUM N(TTe JR) ¢ )I>5}] 4.7)
uelR i=1
+ sup |T(rk(v))—T(rk<u>)|) : 4.8)

w,veR? MY_ {Iry (@)1 (V)| <5}

With respect to the term (4.7), if 6 > ¢/, then

Zl W iOT M (17K (K156}
i=

~ i Lo 1 O —r e K<} LU (1 (R) = (K55}

i=1 E 1 L (R X le)
= 0.
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It follows that, for all § > 0, this term converges to 0 as ¢ tends to infinity. On the other
hand, letting 6 — 0, we see that the term (4.8) tends to 0 as well, by uniform continuity of
T. Hence, A, tends to 0 as ¢ tends to infinity. Letting finally i go to 0, we conclude that
A, vanishes as ¢ tends to infinity. O

Proposition 4.4.2. Under the assumptions of Proposition 4.2.2,
2

lim E =0.

{—o0

Proof of Proposition 4.4.2.

¢
Y W, XY, — T(rp (X))
i=1

2

¢ ¢
=3 2 EW, i X)W, ;X)Y; — T XY — T (X))

14
E Z Wi X)(Y; - T'(rp(X;)))
i=1 1=1j=1

=E

4
Y W2,X)Y; - T(I‘k(Xi))|2}
=1

=E

4
W2 X)o®(xy (Xi))] ,
i=1

where
2(rp(x)) = E[|Y — T'(r, (X)) 2|y, (x)].

For any 1 > 0, using again Gyorfi et al. (2002, Theorem A.1), o2 can be approximated in
an L! sense by a continuous function with compact support 2, i.e.,

El62(ry (X)) — 02(r, (X)) < 1.
Thus

E

0
YWy X)oi(ry (X,-))]
i=1

¢
<F +E | Y W2 (X)lo* (X)) — 52(I‘k(Xi))|]
i=1

l
YW (X)eP (X))
i=1

l
> WE2,X)
i=1

< sup |62(ry(w))|E +E

ueRd

¢
Y W, X)lo? (e (X;)) —&z(rk(xim] .
i=1

With the same argument as for A, 1, we obtain

¢
Y W, Xl (X)) - 62 (0 (X))
i=1

E 52M17.

Therefore, it remains to prove that E [Zle Wf i(X)] — 0 as £ — oo. To this aim, fix § >0, and
note that

4
it I i ) Rl

l
2 _
len,i(X) == 5
= iy lm%=1{|rk,m(X)—rk,m<x,~)\se[})

1
<min { 0, 7 }
it L i ) (Kl

:[]- l
{Zi:l lm%ﬂurk,m<x>—rk,m(xi>|sz;>>0}

<o+

y .
Lot I (s R0 (Rl
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To complete the proof, we have to establish that the expectation of the right-hand term
tends to 0. Denoting by I a bounded interval on the real line, we have

1
¢
i1 1 >0
{ i=1 {X nM_, km([rk mX—eg,r, m(X)+£[])} }

E l
List Lixert it (i ®-eerim e}
1 1
Yl >0 {Xeﬂ’” 1%, (I)}
i= {Xieﬂ%ZIrilm([rk,m(X)’Cf’rk,m(x)+cf])}
<E - U Tm )
Yl o1 o
i=1 {Xieﬂ%=1r];’lm([rk,m(X)—“f[yrk,m(x)+5f])}
! ¥ >0 H{Xeﬂ%ﬂr’;}mm}
i=1 {x e, km([’k mX—ep,rp ,n(xm[])} M -1 (yc
=E|E s 1 ‘Dk’x i R
i=1 {X €Ny o e m X =071 m(X)+€t])} e

9 l{me rah (D}
< E
CHD Ok e mX) = e, mX) +£01)

M
u( U rih
m=1

The last inequality arises from the second statement of Lemma 4.4.1. By an appropriate
choice of I, according to the technical statement (4.2), the second term on the right-hand
side can be made as small as desired. Regarding the first term, there exists a finite number
Ny of points z1,...,zy, such that

M
N rit e U reaIna1@i)) 00y T (z),)),
m=1 G1sesdm)E(L,.. ,NoM
where I, n,(z;) =[z; —€,/2,2; + £,/2]. Suppose, without loss of generality, that the sets
rean1@i )00k (T a(z;,))

are ordered, and denote by Rfl’ the p-th among the N éu = (/e Y sets. Here |I| denotes
the length of the interval I and [x] denotes the smallest integer greater than x. For all p,

M
xeR, =>RLc ) r;,lm([rk,m(X) — &0, m(X) + 7).
m=1

Indeed, if v € RZ, then, for all m = 1,...,M, there exists j € {1,...,N,} such that re,m(V) €
[z, —€//2,z; + €,/2], that is zj — €//2 < 1}, ;n(V) < z; + £//2. Since we also have z; —£,/2 <
re,m(X)<zj+e/2, we obtain rp, ,(X) —€¢ <1p (V) <7p n(X) + £¢. In conclusion,
]l{Xenm ik D)
BNy 7 (X = £0,7 0, X) + £01)

e

Lixer?)

pt | O 7 kXD — 0,7 (X) +€01)
M
3 NZ g | Lxer)
p=1 ”(Rﬁ)
:Nﬁl
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The result follows from the assumption limy_ o [81}1 = oo. O

Proposition 4.4.3. Under the assumptions of Proposition 4.2.2,
2

4
(Z Wn,i(x) -1|1T@,X))| =0.
i=1

lim E
{—o0

Proof of Proposition 4.4.3. Since IZL.[:1 W, i(X)—-1| <1, one has

2
< T?(rp(X)).

¢
(Z W, (X)— 1) T(ry,(X))

i=1

Consequently, by Lebesgue’s dominated convergence theorem, to prove the proposition, it
suffices to show that W, ;(X) tends to 1 almost surely. Now,

l

i=1

4
=P (Z LT TARTING e &) B 0)

=P (Z Il{X ey it (P mX)—e0,7s m(X)+5[])} O)

:AdP(VL = 1,-- [ l{x enm lrkm([rk m(x) s, rkm(X)+€e])} )IJ(dX)
- fR 1o, ([rk,m(x)—Eg,rk’m(x)+£g]))] 1(dx).

Denote by I a bounded interval. Then,
4
P (Z Wn,i(x) # 1)
i=1

szd exp(—fu(mff:lr,;lm ([rk,m(X)—Ee,rk,m(XHszl)))

X Ligerpt 1 (1)}“(dX)+ﬂ( U 7 (IC))

]l{XEﬂm 1T (D}

<maxue “f
u R LN 7 ([ rm ) — €0, 78, m (%) + (]

s )+,U(Urk1 (I”)

Using the same arguments as in the proof of Proposition 4.4.2, we may bound the proba-
bility P (Zf n,iX) #1) by ¢~ ['I I-‘ . This bound vanishes as n tends to infinity since, by

7,
assumption, limy_ o, teM ¢ =o0o. O

4.4.3 Proof of Theorem 4.2.1
Choose x € R%. An easy calculation yields that
E[I T, (r (%)) = T )P[0 (X1), ..., 0 (Xp), D]
=E “Tn(rk(X))— [E[Tn(rk(X))Irk(X1),...,rk(Xz),ﬂk]|2|rk(X1),...,rk(Xz), Dy

+ [EL T (e ) (X, ..., 1K), Dp] — Tarp(x)|?
:=E1 +E2. 4.9)
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On the one hand, we have

Ei= [E[|Tn(rk(X)) - [E[Tn(rk(X))Irk(Xl),---,rk(Xz),@kHzll‘k(Xl),---,I‘k(Xé),Dk

¢ 2

Y W i(x)(Y; — E[Y;|r (X))
=1

=E

lrr(Xy),...,rp(Xp), @k] .

Developing the square and noticing that E[Y;|Y;,rz(X1),...,r:(X¢), D | = E[Y;|r,(X;)], since

Y; is independent of Y; and of the X ;’s with j # i, we have

l 2
Lic1 3 - X <e Vi — ELY i 1 (XD
2

E;=E

l
it 30 g 01 KD}

_ Loy (im0 mXolze0)

V(Y Ir,(X;))

4
: 2°
i=1

l
‘Zizl LM (irm G- (K<}
Thus,

1 l
{zizl ﬂanlurk,m(x)—rk,m(x,-)\szﬂ>0}

m

E;<4R*— ;
i=1 LM (1 -1 (K<)

I‘k(Xl), ve ,I‘k(X[),ﬂk

(4.10)

where V(Z) denotes the variance of a random variable Z. On the other hand, and recalling

the notation X introduced in Section 4.3, we obtain for the second term Eo:

Eg = [EIT, (e ®)Irp(X), ..., r(Xp), Di 1 - T(xp(x))|
2

¢
Y Wa i ®ELY; e, (X)] - T(rp(x)| Lizsoy + T2(ry(x)) 1 (z=0)

i=1
Tt L0 (i o)1=z [ELY 7 123 (K)] = T ()2
3 _lirs, ,

Lizso
l
L I @i Xl )

+T2(rp (%)) Liz—0)

(by Jensen’s inequality)

l 2

Lot I g m—rim&oie 1 TR X)) = T (g (X))

= Liz>o)

14
o1 L 0 X ie)
+ T2 (x)) Lz=0)

< L7 + T?(r} (%)) Liz-q).

Now,
E|T, (ry (X)) - T, (X))|? < fR ENT () - T(ry(x)) pu(dx).

Then, using the decomposition (4.9) and the upper bounds (4.10) and (4.13),

E| T, (r, (X)) — Ty, (X))

S/ - 4R2]l{z>0}
R? B

p(dx) + L2e% + fR JE [T2(rp(x)) 1 (z=0}] p(dx)

2
s[d[E{[E [W‘Dk] }u(dx)+Lze§+fd[E{[E[T2(rk(x))11{z0}|®k]}p(dx).
R R

(4.11)

(4.12)

(4.13)
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Thus, thanks to Lemma 4.4.1,

EIT, (r, (X)) — Ty, (X))[?
8R? 1

< (dx) + L2€?

@+ D Jt O ) — o <D ‘
M l
+ fR ) T?(ry(x)) (1 (N Urem@) =1 X < D) | w(dx).
m=1
Consequently,
EIT), (ry (X)) — T(ry,(X))|?
2
L SR ! p(dx) + L2

@D Jre (O IR = 1 X < £0))

M
+ fRd T?(ry,(x)) exp (—Zu( N {rem®) —rp mX)| < 84})) u(dx)

m=1
- 8R2 1
— D Jrt p(OM_ A7 () =7y X < £0))

2.2
u(dx) +L%e;,

(sup T? (rk(x))m%xue "

xeR4
. f ! (dx))
& OO e — el <eh )

Introducing a bounded interval I as in the proof of Proposition 4.2.2, we observe that
the boundedness of the r; yields that

( U r};l (IC ) _
as soon as I is sufficiently large, independently of 2. Then, proceeding as in the proof of
Proposition 4.2.2, we obtain

E|T, (r, (X)) — Ty (X))

Y 1 MM
<8R? P |-‘ +L2%62 +R2maxue_“ [u—‘ -
£y /+1 ueR* £y ¢

R2
<C1——; +L7%],
gé

for some positive constant C1, independent of 2. Hence, for the choice £/ «x ¢ 3 , we obtain
EI T, (r (X)) — Ty X)) < CO 32,

for some positive constant C depending on L, R and independent of %, as desired.



Chapitre 5

Estimating the Location and Shape
of Hybrid Zones

Abstract. We propose a new model to make use of geo-referenced
genetic data for inferring the location and shape of a hybrid zone.
The model output includes the posterior distribution of a parame-
ter that quantifies the width of the hybrid zone. The model pro-
posed is implemented in the GUI and command-line versions of the
GENELAND program versions = 3.3.0. Information about the pro-
gram can be found on http://www2.imm.dtu.dk/~gigu/Geneland/
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This chapter has been published in Molecular Ecology Resources (Guedj and Guillot, 2011).

5.1 Background

Hybrid zones have been the object of considerable attention as they are seen as windows
on the evolutionary process (Harrison, 1990) and inference about genetic structure in their
neighbourhood can provide valuable insights about the intensity of selection. This is made
possible through the existence of explicit models of cline shapes as a function of selection
(Haldane, 1948; Bazykin, 1969; Kruuk et al., 1999). To analyse hybrid zones, scientists have
relied on a variety of approaches. They can use hybrid zones models that predict patterns of
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allele frequencies and fit corresponding parametric curves (ANALYSE program, Barton and
Baird, 1998) or nonparametric curves (Macholan et al., 2008). They can also use general
purpose computer programs such as STRUCTURE (Pritchard et al., 2000) that seek patterns
in ancestries of individuals without reference to any model of hybrid zones. Here we propose
a new spatial model that combines features of both approaches: it explicitly accounts for the
presence of a cline without making restrictive assumption about the shape of the cline path
and it also retains the flexibility of the admixture model of STRUCTURE.

5.2 Model

We assume that individuals in the dataset at hand have alleles with origins in K distinct
gene pools characterised by different allele frequencies. We denote by z = (z;¢) the matrix
of genotype data where z;, denotes the genotype of individual i at locus ¢ and by f¢, the
frequency of allele a at locus ¢ in the k-th gene pool. We introduce the matrix g = (q;z),
where q;; refers to individual i’s genome proportion originating from cluster %. For diploid
individuals and assuming statistical independence of the two alleles harboured on the same
locus of homologous chromosomes we have

K
LGEiolf,@) =Y Qinfrezin [rez(2—652),
k=1
where 52 is the Kronecker symbol, i.e., 63 =1if a = b and 0 otherwise. For haploid data we
have
K
Lzidlf,@) =) qinfrez,-
k=1
Further, assuming independence across the different loci, we have

n L
LcIf, =[] []~£Gidf.@.
i=10=1

This is the classical admixture likelihood assumed in the STRUCTURE program and related
works. We assume further that each gene pool (or cluster) occupies a certain fraction of
the spatial domain. The spatial domain of each cluster is assumed to display a certain
organisation in the sense that the various clusters do not overlap too much in space. This is
accounted for by a so-called coloured Poisson-Voronoi tessellation which is the spatial model
implemented in the GENELAND program. An example is given on Figure 5.1. The reader
unfamiliar with this model is invited to refer to Guillot et al. (2005) and Guillot et al. (2009)
for a detailed presentation. See Section 5.A for details about how the novel part of the model
connects to earlier versions of the GENELAND program. The model introduced here differs
from earlier versions of GENELAND in that it models admixture and from STRUCTURE in
that it is spatial. Those two features are accounted for as follows: each vector of admixture
proportions q; = (q,-k)f:1 is assumed to follow a Dirichlet distribution D(«;1,...,a;x). We
denote by d;; the distance of individual i to cluster £ (in particular, d;; = 0 if individual i
has been sampled in cluster £) and we assume a deterministic relationship

a;, = aexp(—d;x/b). (5.1)

By a standard property of the Dirichlet distribution, under equation (5.1) the expected value
of gz, is
e_dik/b

E[Qik]zm-
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FIGURE 5.1 — Example of K = 2 spatial clusters simulated from a coloured Poisson-Voronoi
prior model. The points represent putative sampling sites of individuals (shapes represent
cluster membership). The realization of the Poisson process governing the tessellation is
not shown for clarity.

In the presence of K = 2 clusters in contact along a hybrid zone, and if individual i belongs
to cluster 1, then by definition d;; = 0 and we get

e—dil/b
Elgiil= Sdnb 4 g-dulb
3 1
C 1+4edild’
i.e., the well known sigmoid function (or logistic function , cf e.g. Cramer, 2003) familiar to
people studying hybrid zones, which is also equivalent to the hyperbolic tangent cline model
described by Bazykin (1969):

1
5(1 + tanh(d)) = m

Under this model, the width of the cline (defined as the inverse of the maximum gradient)
is w = 4b. The variation of the expected admixture coefficients is illustrated in Figure 5.2.

Parameter a is a-dimensional, it does not affect the expected value of g;; but controls
its variance with V[g;,] < 1/a. Large a values correspond to datasets with individuals dis-
playing pretty similar admixture proportions within clusters. Parameter b is a spatial scale
parameter, it has the dimension of a distance and is expressed in the same unit as spatial co-
ordinates. Large b values correspond to situations where admixture coefficients are loosely
structured in space. At the limit where b = +o0, the vector g;. follows a flat Dirichlet distri-
bution and the model does not display spatial features at all. Conversely, at the limit value
b =0, all individuals display admixture proportions that are 0 or 1 with a spatial pattern
mirroring exactly the underlying Poisson-Voronoi tessellation. In all subsequent analyses
and in our program, we place a uniform prior on a and b and assume independence of these
two parameters. Section 5.A contains details on the inference algorithm.
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FIGURE 5.2 — Examples of spatial variation of expected admixture proportions in presence
of two clusters. Individuals whose proportions are displayed here are assumed to be contin-
uously located along a linear transect crossing perpendicularly a hybrid zone. Decreasing
curves: expected admixture proportion q;1. Increasing curves: expected admixture propor-
tion q;9. Continuous lines: a =1, b = 0.1, dashed lines: a =1, b = 0.3. Note that the curves
are exactly sigmoid (logistic) functions.

5.3 Test of the method on simulated data

To test the efficiency of our approach, we carried out MCMC inference on data produced
by simulation under our model. We explored various situations in terms of variance (x 1/a)
and spatial scale (b) of admixture proportions but also in terms of number of loci L. In all
cases the dataset consists of 200 individuals belonging to K = 2 different clusters located
on a [0,1] x [0,1] square. We explored a broad range of pairwise cluster differentiations as
measured by Fg; (lower quartile Fyr = 0.003, upper quartile 0.03). Some graphical examples
of inference are presented in Figure 5.3 and Figure 5.4. Our main numerical results are
summarized on Table 5.1. It appears that our method is accurate even for moderate to
small numbers of loci (L = 20 or L = 10). We also note that the accuracy decreases when
b increases (i.e., in case of loose spatial structure) which is the price to pay for using a
spatial model. Another observed loss of accuracy (not shown here) occurs when the spatial
scale of the cline is smaller than the resolution of the spatial sampling. In the extreme case
when the width of the cline is smaller than the smallest inter-distance between individuals,
no reliable inference of b can be made. This means that users must have an idea of the
characteristic scale of the cline before sampling.
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TABLE 5.1 — Mean square error in the inference of admixture proportions. Data are gener-
ated by simulation from our prior-likelihood model. Each number is obtained as an average
over ten independent datasets.

L=10 L=20 L =50
a=1 a=2 a=5 a=1 a=2 a=5 a=1 a=2 a=5
b=0.05 0.028 0.028 0.027 0.019 0.015 0.010 0.005 0.012 0.006
b=0.1 0.038 0.030 0.029 0.019 0.021 0.015 0.007 0.012 0.015
b=0.3 0.036 0.036 0.027 0.022 0.035 0.018 0.009 0.010 0.008
b=0.7 0.046 0.031 0.020 0.022 0.022 0.016 0.010 0.009 0.015

5.4 Discussion

Our model of clinal variation is the same model as in MacCallum et al. (1998), the equiv-
alent options in ANALYSE are for 2D spatial analysis with constant cline width along the
course of the zone centre and a sigmoid cline cross section. The difference between this ex-
isting method and our global model is that the former is constrained by a very simple model
of the path of the zone centre through space, the limitations of which are discussed at length
by Bridle et al. (2001). This difference highlights one of the properties of our work: plac-
ing an explicit clinal admixture model in the context of the GENELAND Voronoi tessellation
approach—which is reminiscent of the approach taken by Macholan et al. (2011)—removes
the existing unrealistic restriction for modelling the course of a hybrid zone centre through
a 2D field area (although it does not allow for cline width to vary along the course of the
hybrid zone).

ANALYSE requires the user to a priori reduce multi-allelic loci to two states, correspond-
ing to origin in two source clusters. The frequency of these two states in the source clusters
can be co-estimated with cline parameters, however, the reduction to two states very much
reduces ANALYSE’s applicability to, for example, micro-satellite data, as a posteriori the
user cannot for example quantify which allelic states are most associated with each source.
In contrast, STRUCTURE co-assigns allelic state to source while estimating their frequencies
in clusters, making micro-satellites easy to use, but of course there is no spatial model. In
this sense, our work combines aspects of each approach, allowing frequencies of multi-allelic
allelic states to be co-estimated with cline parameters in a spatial explicit way.

Our model has the direct advantage over STRUCTURE to explicitly model the presence of
a hybrid zone and therefore to allow one to estimate its width and the intensity of selection
or the age of contact, at least in the case of sigmoid clines. For a discussion of sigmoid versus
stepped clines (see Kruuk et al., 1999). However we note that in contrast with STRUCTURE
that explicitly models admixture linkage disequilibrium (Falush et al., 2003), our model
assumes independence among loci. Associations (LD) between loci under selection lead to a
different class of clinal model—stepped clines—not considered here (see Kruuk et al., 1999).

Durand et al. (2009) proposed an admixture model also based on spatially varying ad-
mixture coefficients involving the Dirichlet distribution. It is a general-purpose model that
can be justified whenever spatial structure of admixture coefficient is expected. However, it
is not specifically tailored for the study of hybrid zones (even though it has been presented
in the context). Indeed, their approach does not explicitly model the presence of a contact
zone, or to use a mathematical phrasing, their model does not account for the existence of a
singularity in space (the contact zone) of genetic variation. What makes the potential use-
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FIGURE 5.3 — Examples of result of inference: estimated versus true admixture proportions.
The hyper-parameters of the admixture proportions were a =1, b =0.3.

fulness of their approach for the study of hybrid zones is its extreme flexibility, but it does
not offer a straightforward way to estimate the width of the hybrid zone and the intensity
of selection.

A second salient difference between our approach and that of Durand et al. (2009) is
the inference machinery. We try to rely as much as possible on Bayesian estimators and
therefore on MCMC, including for the estimation of the number of clusters (admittedly
with a degree of approximation here) while they resort to likelihood or penalised likelihood
methods. In this respect, the initial version of the TESS program (Chen et al., 2007) suffered
from a number of flaws pointed out by Guillot (2009a,b). Even if the updated model of
Durand et al. (2009) is an improvement in many respects over Chen et al. (2007), it still has
some limitations. An obvious one is the impossibility to compare the scenario K =1 against
K > 1 which makes it impossible to test the null hypothesis of absence of structure. A recent
study by Safner et al. (2011) suggests also that the new admixture model of Durand et al.
(2009) may be less accurate than the old no-admixture model of Chen et al. (2007).

Our method allows evolutionists to make inference about the location and shape of hy-
brid zones. It should prove useful in particular in the case of secondary contact between
weakly differentiated populations. However, as a final note, we stress that the spatial re-
gression of admixture proportions does not capture all the complexity of hybrid zones: their
semi-permeable nature, the fine scale discordance of clines, the interplay of various compo-
nent of reproductive isolation etc... Admixture proportions and cline width are only a rough
summary of how genomes intermix in hybrid zones and hybrid zones cannot simply be sum-
marized by logistic variation of admixture proportions. We think the present model will be
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FIGURE 5.4 — Example of result of inference: MCMC trace (left) and posterior distribution
(right) of parameters a and b.

of great help as a complementary procedure to estimate the course of hybrid zone centres
and selection acting, at least in the case of sigmoid clines. However we also believe that it
will not substitute for detailed analyses of cline shapes and departure from Hardy-Weinberg
or linkage disequilibria traditionally conducted in hybrid zones.

5.A Supplements

5.A.1 Inference algorithm

The novel part of the model involves three blocks of parameters: the matrix of admix-
ture proportions g = (q;z), and the vector of parameters (a,b). An exact Bayesian inference
would estimate them by joint MCMC simulation of (q,a,b) together with any other pa-
rameters involved in the model (number of gene pools, tessellation parameters and allele
frequencies). We believe that the implementation of this strategy would offer a number of
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numerical challenges, caused by the joint estimation of ¢ and the number of clusters.

For this reason, we implement an alternative approximate two-stage strategy: first
we estimate allele frequencies and cluster locations under the non-admixture model of
Geneland. In a second step, we estimate (g,a,b) by MCMC simulation from the distri-
bution of (¢,a,b) conditioned by the data and the parameters estimates obtained from the
non-admixture Geneland run.

5.A.2 Updates of ¢

We perform updates of g;. into ¢ where g is obtained by perturbating two randomly
chosen components, i.e., q;‘kl =q;r, +0 and q;.“k2 =q;r, —0. When § is sampled from a sym-
metric distribution, the Metropolis-Hastings ratio is

_ w(zlg*,...) n(qg*|a)
n(zlg,..) n(qla)’

The function n(z|q,...) refers to the full conditional distribution of the data. The function
7(g|la) is a product of Dirichlet densities.

5.A.3 Updates of ¢ and b

We perform Metropolis-Hastings updates of a. With a symmetric proposal, the accep-

tance ratio is
_n(gla®) n(a®)

n(qla) m(a)’

where o, = a” exp(—d;;/b). We proceed similarly to update b.
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FIGURE 5.5 — Directed acyclic graph of proposed model. Continuous lines represent
stochastic dependencies, dashed lines represent deterministic dependencies. Squared boxes
enclose data or fixed hyper-parameters, rounded boxes enclose inferred parameters. The
thick dotted line enclose the part of the model proposed that is novel. The other parts are
borrowed to STRUCTURE or GENELAND.






Annexe A

Lemmes techniques

Une large part des résultats oracles démontrés dans les chapitres 2 et 3 repose sur le
Lemme A.1, considérant la transformée de Legendre de la divergence de Kullback-Leibler,
dont nous rappelons ici la définition : pour deux mesures p; et ug, la divergence de u; par
rapport a ug est notée KL(u1, u2) et définie par :

flog(d“l)dul si 1 < g,

fe') sinon.

JCL(Hl,,uz)={

Pour tout ensemble mesurable (A, A) muni d'une mesure de probabilité u, on désignera par
Mi u(A, A) lensemble des mesures de probabilité absolument continues par rapport a . Le
résultat suivant a été formalisé par Catoni (2004, Equation 5.2.1). Nous en reproduisons la
preuve dans un souci de complétude.

Lemme A.1. Soit (A, A) un ensemble mesurable. Pour toute mesure de probabilité u sur
(A, A) et toute fonction mesurable h: A — R telle que [(expoh)du < oo, il vient

logf(expOh)du = sup {fhdm—fKL(m,,u)},
meML (A, A)

avec la convention oo — oo = —oo. De plus, si h est bornée sur le support de p, le supremum
par rapport a m dans le terme de droite est atteint pour la distribution de Gibbs g définie
par

dg exp(h(a))

_— A.
du f(expOh)du’ €

Preuve. Soit m une mesure de probabilité sur (A, A). En notant que XL(-,-) ne prend pas
de valeurs négatives, il est clair que m — —KL(m, g) atteint son supremum en m = g et ce
supremum est nul. Par suite,

~KL(m,g)= - flo (‘3’" 3”)dm

flog( dm+flog( )dm

= —iKL(m,,u)+fhdm—logf(expOh)du.

En prenant le supremum sur toutes les mesures de probabilité sur (A,.A) des deux cotés de
Pégalité, on obtient le résultat désiré. O
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Les techniques PAC-bayésiennes reposent en grande partie sur 'utilisation d’inégalités
de concentration pour dériver des inégalités oracles en probabilité. Dans le Chapitre 2,
nous utilisons I'inégalité suivante, issue de Massart (2007, Proposition 2.9) et dont nous
reproduisons également la preuve. Pour x € R, notons (x); = max(x,0).

Lemme A.2. Soit (Ti)?:1 une suite de variables aléatoires indépendantes & valeurs réelles.
Supposons qu’il existe deux constantes positives v et w telles que

n
Y ETZ.2 <v,
i=1
et pour tout entier k = 3,

- ikl ho
Y EAT )] < —vw® 2
=] 9
1
Alors, pour tout y € (0, E)’

v)fz )
21-wy))’

E | exp (}/ Y (T; - [ETi))

=1

< exp(

Preuve. Cons1derons la fonction ¢ : u — exp(u) —u — 1. De facon triviale, pour tout u <0,
d(u) < ” . Par suite, pour tout y > 0 et tout entieri =1,...,n,

2 k
(P(YTL')SY +Z Y (T)

et
2 T2

0o k k
E¢(YTi)Sy Z [E[(T) ]

d’ou
n ,),2 n 9 00 Yk n b
i:thEcp(yTi) <=3 _Z ET; +I£E;E[(Ti)+]

<Y k. k-2
- w .
2 7/

Il M8

Ce dernier terme est une série convergente si et seulement si y € (0,1/w) (les cas y =0
et ¥ = L/w impliquent des inégalités triviales), ce qui prouve l'intégrabilité des variables
exp(yT;) pour les entiers i = 1,...,n dans ce cas. Comme wy < 1, il vient

00 2
) Yewk 2 = Y
k=2

1-wy’

En utilisant I'inégalité élémentaire logu < u — 1 quand u > 0, nous obtenons

1
M=

Y Ep(yT;) (Eexp(yT;)—yET; — 1)

k=1

_
1l
—

W
M=

(logEexp(yT;) - yET})

_
1]
—

1
M=

logEexp(y(T; —ET})).

_
1l
—
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En assemblant ce qui précede, nous avons finalement

U)/z

logEexp(y(T; —ET;)) < ———.
k; gEexp(y 21—w7)

Comme (T';)1<;<, est une suite de variables indépendantes, en prenant I'exponentielle de
chaque coté de la derniére inégalité, on obtient le résultat. O

Enfin, les résultats du Chapitre 3 nécessitent une version du Lemme A.2 adaptée a la
fonction de perte logistique.

Lemme A.3. Considérons la fonction ¢ : u — exp(u)—u—1. Soit (T} );‘:1 une suite de variables
aléatoires indépendantes a valeurs réelles. Supposons qu’il existe deux constantes positives v
et w telles que

Y ET?) <v,

=1
et pour tout entier k = 3,

Y ENT)] < vw* 2,

i=1

Alors pour tout y > 0,

E exp()/Z(Ti—[ETi) Sexp(v('bl?;w)).

i=1

Preuve. 1l est clair que pour tout u <0, ¢p(u) < ” . Par suite, pour tout y > 0 et tout entier
1=1,...,n,

2 k
(/)(YTi)SY +Z Y (T)

ce qui entraine

ookk2

n 2 n oo ~k n
Y EpyTH< LY Er2+ Y LY Bt <0 Z
i=1 2 i=1 k=3 k! i=1

= é(,b()fw).

En utilisant 'inégalité élémentaire logu < u — 1 quand u > 0, nous obtenons

Y E¢(yTi) =Y [Eexp(yT;)-yET;-1] = [1og[Eexp<yT) YET;]

k=1 k=1

ogEexp [y(T; —ET;)].

&

Finalement, en utilisant ce qui précede,

Y logEexp [y(T; —ET;)] < vgb();w)‘
k=1 w

Comme (7';)7_; est une suite de variables indépendantes, en prenant 'exponentielle de
chaque coté de la derniere inégalité, on obtient le résultat. O
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AGREGATION D’EST}MATEURS ET DE CLASSIFICATEURS :
THEORIE ET METHODES

Ce manuscrit de thése est consacré a I'étude des propriétés théoriques et méthodologiques
de différentes procédures d’agrégation d’estimateurs. Un premier ensemble de résultats
vise a étendre la théorie PAC-bayésienne au contexte de la grande dimension, dans les
modeles de régression additive et logistique. Nous prouvons dans ce contexte 'optimalité,
au sens minimax et a un terme logarithmique pres, de nos estimateurs. La mise en ceu-
vre pratique de cette stratégie, par des techniques MCMC, est étayée par des simulations
numériques. Dans un second temps, nous introduisons une stratégie originale d’agrégation
non linéaire d’estimateurs de la fonction de régression. Les qualités théoriques et pratiques
de cette approche — dénommée COBRA — sont étudiées, et illustrées sur données simulées
et réelles. Enfin, nous présentons une modélisation bayésienne — et I'implémentation
MCMC correspondante — d’'un probleme de génétique des populations. Les différentes
approches développées dans ce document sont toutes librement téléchargeables depuis le
site de Pauteur.

Mots-clés : Agrégation, régression, classification, inégalités oracles, théorie PAC-bayésienne,
COBRA, MCMC, parcimonie.

AGGREGATION OF ESTIMATORS AND CLASSIFIERS: THEORY
AND METHODS

This thesis is devoted to the study of both theoretical and practical properties of various
aggregation techniques. We first extend the PAC-Bayesian theory to the high dimensional
paradigm in the additive and logistic regression settings. We prove that our estimators
are nearly minimax optimal, and we provide an MCMC implementation, backed up by nu-
merical simulations. Next, we introduce an original nonlinear aggregation strategy. Its
theoretical merits are presented, and we benchmark the method—called COBRA—on a
lengthy series of numerical experiments. Finally, a Bayesian approach to model admixture
in population genetics is presented, along with its MCMC implementation. All approaches
introduced in this thesis are freely available on the author’s website.

Keywords: Aggregation, regression, classification, oracle inequalities, PAC-Bayesian the-
ory, COBRA, MCMC, sparsity.
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