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A good trade-off between simplicity and performance

Question

Given X1, . . . ,Xn , n independent copies of X ∈ Rd , estimate
E(X ) ?

Thresholding the norm

Consider the threshold function ψ(t ) = min
{
t ,1

}
, t ∈ R+.

Put Yi =
ψ
(
λ‖Xi ‖

)
λ‖Xi ‖

Xi .

Define the estimator m̂ =
1

n

n∑
i=1

Yi .

Ideas

Remark that 0 ≤ 1 −
ψ(t )
t
≤ inf

p≥1

tp

p + 1

( p

p + 1

)p
.

Use the fact that λ‖Yi ‖ ≤ 1.



Convergence bounds

Assumptions and choices

Assume that E
(
‖X ‖2

)
< ∞.

Assume that sup
θ∈Sd

E
(
〈θ,X −m〉2

)
≤ v < ∞, where m = E(X )

and v is known.

Choose λ = 4

√
2 log(δ−1)

1.2vn
,



Bounds

Proposition: With probability at least 1 − δ,

‖m − m̂ ‖ ≤

√
2.4v log(δ−1)

n
+

√
4 max

{
E(‖X −m ‖2),v

}
n

+ inf
p≥1

Cp

np/2
+ inf

p≥2

C ′p

np/2
,where

Cp =
1

p + 1

( 4p

p + 1

)p (2 log(δ−1)
1.2v

)p/2
sup
θ∈Sd

E
(
‖X ‖p〈θ,X −m〉−

)
,

C ′p =
1

p + 1

( 4p

p + 1

)p (2 log(δ−1)
1.2v

)p/2
E

(
‖X ‖p )‖m ‖

×

(
1 +

√
0.6 log(δ−1)

vn
‖m ‖

)
.



Proof

Sketch

Put m̃ = E(Y ).

Decompose the directional error

〈θ,m̂ −m〉 = 〈θ,m̃ −m〉 +
1

n

n∑
i=1

〈θ,Yi − m̃〉.

Bounding the first term

〈θ,m̃−m〉 = E
[
(α−1)〈θ,X 〉

]
= E

[
(α−1)〈θ,X−m〉

]
+E(α−1)〈θ,m〉,

where α =
ψ
(
λ‖X ‖

)
λ‖X ‖

, so that

〈θ,m̃ −m〉 ≤ inf
p≥1

λp

p + 1

( p

p + 1

)p
E

(
‖X ‖p〈θ,X −m〉−

)
+ inf

p≥2

λp

p + 1

( p

p + 1

)p
E

(
‖X ‖p

)
〈θ,m〉−.



PAC-Bayesian inequality

Using the Laplace transform of a normal distribution

With probability at least 1 − δ, for any θ ∈ Sd ,

1

n

n∑
i=1

〈θ,Yi − m̃〉 −
β + 2 log(δ−1)

2nµλ

≤
1

µλ
log

(
E

∫
exp

(
µλ〈θ ′,Y − m̃〉

)
dρθ (θ ′)

)
=

1

µλ
log

[
E

(
exp

(
µλ〈θ,Y − m̃〉 +

µ2λ2

2β
‖Y − m̃ ‖2

))]
So we have to bound the exponential moments of a bounded
r.v. !



Bounding the exponential of a bounded argument

Like in Bennett’s bound,

With probability at least 1 − δ, for any θ ∈ Sd ,

〈θ,m̂ − m̃〉 ≤ g2(2µ)
µλ

2
E

(
〈θ,Y − m̃〉2

)
+ exp(2µ)g1

(2µ2

β

)
µλ

2β
E

(
‖Y − m̃ ‖2

)
+
β + 2 log(δ−1)

2µλn
,

where

g2(t ) = 2
[
exp(t ) − 1 − t

]
/t2 and g1(t ) =

[
exp(t ) − 1

]
/t

are increasing functions equal to one at zero.



Comparing second moments

Since X 7→ Y is a contraction,

E
(
‖Y −m̃ ‖2

)
=

1

2
E

(
‖Y1−Y2‖

2) ≤ 1

2
E

(
‖X1−X2‖

2 = E
(
‖X−m ‖2

)
.

Using convexity: putting α = ψ(λ‖X ‖)
λ‖X ‖ ,

E
(
〈θ,Y −m̃〉2

)
≤ E

(
〈θ,Y −m〉2

)
= E

[(
α〈θ,X−m〉−(1−α)〈θ,m〉

)2]
≤ E

[
α〈θ,X −m〉2 + (1 − α)〈θ,m〉2

]
≤ E

(
〈θ,X −m〉2

)
+ 〈θ,m〉2 inf

p≥2

λp

p + 1

( p

p + 1

)p
E

(
‖X ‖p

)
.



Putting all together

Let us put for short

a = g2(2µ), b = exp(2µ)g1
(2µ2

β

)
.

Lemma

With probability at least 1 − δ, for any θ ∈ Sd ,

〈θ,m̂ −m〉 ≤
aµλ

2
E

(
〈θ,X −m〉2

)
+
bµλ

2β
E

(
‖X −m ‖2

)
+
β + 2 log(δ−1)

2µλn

+ inf
p≥1

λp

p + 1

( p

p + 1

)p
E

(
‖X ‖p〈θ,X −m〉−

)
+ inf

p≥2

λp

p + 1

( p

p + 1

)p
E

(
‖X ‖p

) (
〈θ,m〉− +

aµλ

2
〈θ,m〉2

)
.


