SUPPLEMENTARY MATERIAL

COBRA: A Combined Regression Strategy
by G. Biau, A. Fischer, B. Guedj and J. D. Malley

A. Proofs

A.1. Proof of Proposition 2.1
We have

EIT, (X)) — r*X)|? = EI T, (r, (X)) — T'(r,(X))|?
+E|T(rp (X)) - r*(X)|?
— 2E[(T, (r, (X)) — T XN Ty (X)) — r*X))].

As for the double product, notice that

E[(T, (X)) — T (e, XN T (. (X)) — r* (X))]
= E[E [(T5 (X)) = T, XNT (X)) - r* X)) r(X), 25 ||
= E (T, (e, (X)) - T, X))NE [T (X)) - r* X))l (X), 2] .

But

Elr* (X)Ire(X), 2,1 = Elr * (X) v, (X)]
(by independence of X and 2,,)
= E[ELY [X]lr (X)]
= E[Y rp(X)]
(since o(ry (X)) c 0(X))
= T(rp(X)).

Consequently,
EL(T, (X)) — T XNNT (X)) — r*(X)] = 0
and
EIT, (X)) — 7 (X)I? = E| T (rp (X)) — T X)|? + EI T (rp (X)) - r* (X) 2.

Thus, by definition of the conditional expectation, and using the fact that
T(ry(X)) = E[r* X)|r,(X)],

EIT,(rp (X)) — r*(X)|? < E| T, (r; (X)) — T (X)% + irflﬂa frpX)) - r*(X)|2,



where the infimum is taken over all square integrable functions of r;(X). In
particular,
EI T, (rp (X)) — 7 (X)|?
< min Elrp, (0 - r* )P +EI T, (X0) - T ()1,

.....

as desired.

A.2. Proof of Proposition 2.2

Note that the second statement is an immediate consequence of the first
statement and Proposition 2.1, therefore we only have to prove that

EIT,@x,X)-T@x;X)?—0 as?— oco.

We start with a technical lemma, whose proof can be found in the monograph
by Gyorfi et al. (2002).

Lemma A.1. Let B(n,p) be a binomial random variable with parameters
n=1and p >0. Then

[ 1 1
E <
|1+ B(n,p) pn+1)
and
E 1{B(n,p)>0} < 2 .
B(n,p) pn+1)

For all distributions of (X,Y), using the elementary inequality (a + b + ¢)? <
3(a?+ b2 + ¢?), note that

E|T, (X)) — T'(r (X))

¢
Y W iX)(Y; - T(rp (X)) + T (X)) — T (X)) + T (X))

=E
i=1
2
- T(r(X))
¢ 2
<3E|Y W, XNT(xp(X;)) - T(rr(X))) (A.1)
i=1
/ 2
+3E|Y. W, ,X)(Y; - T(rr(X;))) (A.2)
i=1
¢ 2
+ 3E ( W, i(X) - 1) Tr(X))| . (A.3)
=1




Consequently, to prove the proposition, it suffices to establish that (A.1),
(A.2) and (A.3) tend to 0 as ¢ tends to infinity. This is done, respectively, in
Proposition A.1, Proposition A.2 and Proposition A.3 below.

Proposition A.1. Under the assumptions of Proposition 2.2,
2

4
Y W i RNT (e (X)) — T(xx (X))

lim E
0 =1

Proof of Proposition A.1. By the Cauchy-Schwarz inequality,
2

¢
E|Y W, XNT(rr (X)) — T(r (X))
i—1

2

i (K0 Wi i (K) (T (X)) — T, (X))

l l
<E|) W, ;X)) W, ;X)ITpX;) - T(rk(X»F‘
j=1 i=1

¢
=E| ) WnX)IT (X)) - T(rk(X))I2‘
i=1

=A,.

The function 7T is such that E[T?(r;(X))] < co. Therefore, it can be approxi-
mated in an L2 sense by a continuous function with compact support, say T
(see, e.g., Theorem A.1 in Gyorfi et al., 2002). More precisely, for any n > 0,
there exists a function 7' such that

E| T (X)) - T X)) <.

Consequently, we obtain

l
A, =E|) W, XIT(r;(X;)— T(rk(xm]

=1

l
Z W, i X T (e (X)) — T (X; ))|]

+3E Z W, (XN T(rp(X;)) - T(rk(X))lz}

=1

¢
+3E| ). W, XN T(xr (X)) - T(I‘k(X))I2]

=1
:=3A,1+3A,2+3A,3.




Computation of A,3. Thanks to the approximation of T by T,

l
Y W, X)IT(er(X) - T, (X))
i=1

< E|T(p(X)) - T, X)|* <.

Anz=E

Computation of A,1. Denote by u the distribution of X. Then,

4
Y Wi XN T (e (X)) - T (X))
1=1

1

Ap=E

_JE MM _ I K)—rp, (X1 e}

; |, (X1)) — T (Xp))?
2ot LM G R0 (K1)

= ([E{ f[@d 1T (rp(w) — T'(rp (W)

1M
M1 T e,m X —Tr m (W<€}
<L f —1{lre ) k ¢ 1(dx)
R 1 -um _ +Y° o1~m _ .
M (I m @ T @) T 222 1M (I (-1 (X))I<er)
@k},u(du)}.
Letting
, LM (10— r g m(wlse)
A =L f - 7 p(dx)
R lﬂl,‘,{:l{lrk,m(x)—rk,m(u)lSeg} + Zj=2 lﬂ%ﬂ{Irk,m(x)—rk,m(Xj)lsw}
Dk |
M .
let us prove that A’ | < 27. To this aim, observe that
, ' l{xeﬂm 1 km([rk mW—€p,rp m(@)+e¢]}
Al =E fd u(dx)| Dy,
LR ED NS e Feh ([ m 00,7, m () D)
[ 1 _
. f €Uy, appeaM Tk, L apn--nrh (N ) d)|2,
R 1+ Z
L, e, r L (g m(0-e @+ D)
oM 1 p
Ry,
p=l TR LD o Igen vl (i @-e i m e D)



Here, I} (W) = [rj () — £7,7p )], 12, (@) = [rg (@), rp n(w) + €], and
R} (u) is the p-th set of the form r, \ (7} () n---nry f(I7% () assuming
that they have been ordered using the lexicographic order of (a1,...,a).

Next, note that

M
xeRj(W=>Ry@)c (] rph (remX) —e0,7pm(X) +e0)).
m=1
To see this, just observe that, for all m = 1,...,M, if rp ,,(z) € [r} p,(0) -
eo,rpm(@l, i.e., rp m(A)—€¢ <74 0 (2) <1 m(0), then, asry ,(W)—ep <rp ,(x) <
rr.m(w), one has rp ,,(X) — € < 1 (2) < rp p(X) + €. Similarly, if rp, ,,(a) <
re,m(z) <rpm(a)+eg, then rp (1) < g (X) < g p(a)+ 0 implies rp p(X) —
€0 =1 m(z) <1} K (X)+ €. Consequently,

2™ 7 1 P
/ {xeR;, (u)}
A <> E fu:ed1+zg . ,u(dx)@k]

p=1 | j=2 +{X;eRE ()}
28 pREw)

= Z E 7 Dy,
p=1 |1+ 91x.crP ()

3 %[E piRE ()

o0 LORE ()}
2M

S —_—

14

(by the first statement of Lemma A.1). Thus, returning to A, 1, we obtain
A1 < 2ME | T, (X) - T X))|* < 2M7.

Computation of A,2. For any 6 >0, write

4
Apg =E| Y W, ,X)IT(,(X;)) - T X))
i=1
£ 7 ‘A 2
=E | D Wa i R)IT (e X)) = Tar DI, 8-y Xo0150)
i=1 m=10 ’
£ ‘A 7 2
FE | D Wi N0 Ki) = T@r DLy g7, 001 Xoi<0)
i=1 m=1h ’
from which we get that
4
Anz <4 sup IT@r@)IPE | 3 Wi OLju g, ), m(xi)|>a}] (A.4)
ueR i=1 mE ’
- B 2
+ sup T -Tap)l) . (A5)

u,veRENM_ {|r), (@)= (V)|<8}



With respect to the term (A.4), if § > ¢/, then

4
,Zl [EX16.9) Ty ST S S
l
St
i=1 ZJ 1lmM A7 X) =1 Xl e}
=0.

M (1 =1 KDl LM {174 ()= (K] >0)

It follows that, for all § > 0, this term converges to 0 as ¢ tends to infinity. On
the other hand, letting 6 — 0, we see that the term (A.5) tends to 0 as well, by
uniform continuity of 7. Hence, A 2 tends to 0 as ¢ tends to infinity. Letting
finally 1 go to 0, we conclude that A, vanishes as ¢ tends to infinity. O

Proposition A.2. Under the assumptions of Proposition 2.2,

2

lim E =0.

{—o0

Z W,,.iX)(Y; — T(rr(X;)))

Proof of Proposition A.2.

2

4
E|Y W, (X)NY; - T (X))
=1

4
> ElW, i X)W, ;)Y — T X))NYj — T (X;)))]
1

i=1j

~.

4
YW XY, - T(rk(X))Il

i=1

E

~

=E

Z W2 (X0 (X; ))]

where
o%(rp(x)) = E[|Y — T, (X)) %y, (x)].

For any 1> 0, 02 can be approximated in an L! sense by a continuous func-
tion with compact support 62, i.e.,

El62 (e, (X)) — o2 (X)) < 1.



Thus

E

4
> W (X)oP(ry (Xi))}
i=1

<E

l
> Wo (X)52(ry (Xi))]
i=1

+[E

4
2 W,%,i(X)|o2(rk(xi)>—52(rk<xi))|]
i=1

¢
YW X)
i=1

< sup |62(rp(w))|E
ueRd

+E

¢
Y W, i X)o? (X)) - 52(rk(xi))|] .
i=1

With the same argument as for A, 1, we obtain

4
Y W, i (Xl (X;) - 62, X)) | < 2M9.

i=1

E

Therefore, it remains to prove that E ZfZIWS i(X)] — 0 as ¢ — oco. To this
aim, fix § > 0, and note that

0
Lict 1M iy K01y o)l

0
2 vy
Zl W, X =— 3
. X1 lm%=1{|rk,m(X)—rk,m(Xj)|sw})

. 1
<minX 6, 7
Yoot oM (1 0-rp Kl <e)

1
l
{Zizl lm%ﬂurk,m(m—rk,m(xi)\55,}>0}

<0+ 7
Lic1 1M (101 (K<)

To complete the proof, we have to establish that the expectation of the right-
hand term tends to 0. Denoting by I a bounded interval on the real line, we



have

1
Yl >0
{ i=1 {Xieﬂ%:lrl;lm([rk’m(x)—sz,rk7m(X)+£g])}

>

{x enM (I pm )=, m(X)+e,])}

mlkm

1 Ligert 1 ) ]
Z[ 1 >0 {Xeﬂm:1 rk,m (I)}
i=1 {xemM 1oL (g =gy Xte ])}
1"e,m\km OTk,m l

>

{x Myt e m R =0,ri X +e, D}

+,u(LA_iJr (IC)

1

[1 1 1
Y >0 {Xeﬂm 1"km (1)}
Xem T e (RN m(X)+s[])}

Zi:1

{X enM remX)—e0,7 m(X)+€g])}

mlkm

‘@k,x” +u Lﬂjlrkl (1)

m

2 Yxerpt, it )

mlkm

< E
@D | P L ram®) — €0, mX) + 1)
M
wu U reh ).
m=1

The last inequality arises from the second statement of Lemma A.1. By an
appropriate choice of I, according to the technical statement (2.2), the second
term on the right-hand side can be made as small as desired. Regarding the
first term, there exists a finite number N, of points z1,...,zy, such that

M
ﬂ r];,lm(I) C U r];,ll(In,l(zjl NN---N r];,llll(‘[n,M(sz));
m=1 G1remring)E(,. . N M

where I, ,,(z;) =[z;—€,/2,z;+¢€,/2]. Suppose, without loss of generality, that
the sets
reana@) 0 nr T (@)

are ordered, and denote by R%Z the p-th among the N é” = ([II1/e, HM sets.
Here |I| denotes the length of the interval I and [x] denotes the smallest

8



integer greater than x. For all p,

M
X€R, >R} ﬂlr,;}m([rk,m(x) —&0,Tm(X) +£7]).
m=

Indeed, if v € R%, then, for all m = 1,...,M, there exists j € {1,..., N/} such
that ry ,(v) €[z; —€,/2,2; + €,/2], that is zj — €//2 <1}, ;, (V) < z; + £,/2. Since
we also have z; —£//2 <r}, ,,(X) <z +£/,/2, we obtain rp ,(X) —€¢ < rp (V) <
r,m(X) + €. In conclusion,

I{Xeﬂln‘ler,;lm(l)}
Yy L (e m ) = £, 7 2, mX) + £01)
M -

- sz c Lixer?)
S (O e X) — 0,7 (R) + £0D))

NM 1
< i E {XeR?}

= | uED)
=N¥
_ Pu w M
=15

The result follows from the assumption lim/_. o, 451}’[ = oo0. O

Proposition A.3. Under the assumptions of Proposition 2.2,

2

Tr,(X))| =0.

/l
(Z Wn,i(x) -1
i=1

lim E
{—o0

Proof of Proposition A.3. Since |Y.!_, W, ;(X)—1| <1, one has

2

TrrX))| < T?xp(X)).

4
(Z Wn,i(x) -1
i=1

Consequently, by Lebesgue’s dominated convergence theorem, to prove the



proposition, it suffices to show that W,, ;(X) tends to 1 almost surely. Now,

4
P (Z Wy, i(X) # 1)
i=1
4
(Z M e m e mX))<er) ~ 0)

4
(g« {X €M1 T (P X, rkm(X)+€e])} 0)

:‘[I‘de(\dl: 1,.. £ l{x eﬂm 1 km([rk mX)—€g,rp m(X)+£[])} )H(dX)

,u(dx).

= [I;d [1 _ﬂ(ﬂ%:]_r];];n ([rk’m(X)—Eé’rk’m(x)+££]))

Denote by I a bounded interval. Then,

4
P (Z Wn,i(X) e 1)

=1

< fRd exp (—f,u(ﬂ%:lr;;}m ([rpmX) —€0,7p m(x) + w])))

M
1
> m=1

u l{xemﬁ‘,{ T D}

<
<maxue f Fy A pu(dx)
u R Cp(n_ 7t ([rem® — 0,7 m(X) + 1))

+,u( U rk1 (I )

Using the same arguments as in the proof of Proposition A.2, the probability
P (X!, W,i(X) #1) is bounded by &~ [ﬂ—‘ . This bound vanishes as n tends

&¢

to infinity since, by assumption, lim,_. 852’[ =o00. O

A.3. Proof of Theorem 2.1
Choose x € R?. An easy calculation yields that

ELI T, (r (%) — T (X)) 2|1 X1), ..., 1 X0), 2% ]

=E||Th(rp(x)) — E[ Ty (rp(x)|r (X1), .. ,rk(Xl),@k]|2 (A.6)

)I‘k(xl), cee ,rk(Xg),Qk + |[E[Tn(rk(x))|rk(X1), eee ,I‘k(X(),@k] — T(rk(x))|2

=E1+Es. (A.7)

10



On the one hand, we have

| T (0 (%)) — EL T () 1, (K1), ..., 2, (X), D |

[ee ),k (X, 2 |

E,=F

2

A
Y Wy, (x)(Y; — ELY; |rz(X;)])
=1

=L

rp(Xq),... ,I‘k(X[),@k] .

Developing the square and noticing that [E[YJ- 1Y;, rp(X71),...,vp(Xp), @k] =E[Y;r,(X;)],
since Y is independent of Y; and of the X;’s with j # i, we have

¢ 2
Lict 10 1y 01y mKp1ze 1Yo~ ELY i (X))

5 (A8)

1|

14
Yict 10 Gy 0 Kp)lse)

rk(Xl), . ,I‘k(Xg),@k]

LM (1 01 (Kol 0)

¢
= ;\/(Yilrk(xi)) 3

¢
Y1 lmf‘g:l{lrk,m(x)—rk,m(xi)Iszse}
Thus,
1
l
{Zi:1 lm%ﬂurk,m(x)—rk,m(xi)|se[>>0}

Ei<4R*—; : (A.9)
it XM (g e 0-rpm K I<e )

where V(Z) denotes the variance of a random variable Z. On the other hand,
recalling the notation X introduced in Section 3, we obtain for the second

11



term Eo:

|ELT, (e ) g (Xy), ..., 1 (Xp), B ] — T (x))|
2

4
Y W i (E[Y; 1 (X)] - T (®)| Lizsop+ T2 (%)) 1(z—0)
=1

E,

j Zit A i 0 Kpi=e ELYi 06X = T )

1 1iz>0)
im1 IV (g 0= K<)

+ T2(rp(x)1z—q)
(by Jensen’s inequality)

Vi 2
ZiZl lﬂﬁln/IZI{lrk’m(x)_rk,m(xiﬂsgé} |T(rk(xl ) — T(rk(X))l
= r 1550
L1 1M iy - rpm X pl<e)

+ T?(rp(x))1(z=q)

< L2+ T2(rp(x)1z—0}.

Now,

E|T, (X)) — T (X))|? < fR T () - T(ry,(x))|% u(dx).

(A.10)

(A.11)

(A.12)

Then, using the decomposition (A.7) and the upper bounds (A.9) and (A.12),

E|T, (rp (X)) — T'(xy(X))|2

Sf E 4R*1(5.¢)
Rd B

2
s[ [E{[E[—LLR Liz>0
Rd B

+ fR JE{E [T, ()1 2-0)|Z |} ().

-@k] },u(dx) + Lzeg

Thus, thanks to Lemma A.1,
E| T, (r, (X)) — T(rp(X))|?
- 8R?2 1
— @+ It (O {17 R) = 1K) < £0))

2.2
p(dx) +L%e;

¢

m=1

M
+ fRd T2(ry,(x)) (1 —pu((VUrem®) =X < e/ | w(dx).

12

u(dx) + L2e2 + fR E[T2 )1 50| )



Consequently,
EI T, (e, (X)) — T (X))I?
_ 8R? 1
W+ D) Jrd (M {17k (R) = T XD < £4))

2.2
w(dx) + L~e,

M
+ fw T?(ry,(x)) exp (—Zu( N Irem®) —rp X < Ee})) w(dx)

m=1
- 8R? 1
C D) Jrd (O {17 e (R) = T X) < £4))

p(dx) + L2£%

( sup Tz(rk(x))m%xue "

xeRd

1
ax).
" fﬂ%d M _ (g () =gy X)] < 85})'u )

Introducing a bounded interval I as in the proof of Proposition 2.2, we ob-
serve that the boundedness of the r; yields that

(Ur,;l(IC)—

as soon as I is sufficiently large, independently of £. Then, proceeding as in
the proof of Proposition 2.2, we obtain

E|T, (rp(X)) — Ty (X))|?

I 1 I17M
< 8R? P l—‘ —  +L% [+R2maxue_u {u-‘

Iy /+1 ueR* £y ¢

122
<Cl— +L2€€,
e

for some positive constant C1, independent of 2. Hence, for the choice ¢,
1
¢~ M+2, we obtain

EIT,(r, (X)) - T, X))|? < Cﬂ‘ﬁ,

for some positive constant C depending on L, R and independent of %, as
desired.

B. Numerical results
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Table 4 (SM): Quadratic errors of the implemented machines and COBRA in high-dimensional
situations. Means and standard deviations over 200 independent replications.

lars ridge fnn tree rf COBRA

Model 9 ™ 1.5698 2.9752 3.9285 1.8646 1.5001 0.9996
sd. 0.2357 0.4171 0.5356 0.3751 0.2491 0.1733
Model 10 ™ 5.2356 5.1748 6.1395 6.1585 4.8667 2.7076
sd. 0.6885 0.7139 0.9192 0.9298 0.6634 0.3810
Model 11 ™ 0.1584 0.1055 0.1363 0.0058 0.0327 0.0049
sd. 0.0199 0.0119 0.0176 0.0010 0.0052 0.0009

Table 5 (SM): Quadratic errors of exponentially weighted aggregate (EWA) and COBRA. 200
independent replications.

EWA COBRA
Model9 [ (o000 02468
Model 10 T ZE 01967
Model 11 :(11-' g:ggj‘zl gg;gg
Model 12 :11 8:3;12 gtﬁégi
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Figure 2 (SM): Examples of calibration of parameters ¢, and a. The bold point is the mini-

mum.
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(a) Model 5, uncorrelated design.

(b) Model 5, correlated design.
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Figure 3 (SM): Boxplots of quadratic errors, uncorrelated design. From left to right: lars,

ridge, fnn, tree, randomForest, COBRA.

(a) Model 1. (b) Model 2. (c) Model 3. (d) Model 4.
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Figure 4 (SM): Boxplots of quadratic errors, correlated design. From left to right: lars,

ridge, fnn, tree, randomForest, COBRA.
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Figure 5 (SM): Prediction over the testing set, uncorrelated design. The more points on the

first bissectrix, the better the prediction.
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Figure 6 (SM): Prediction over the testing set, correlated design.
first bissectrix, the better the prediction.
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Figure 7 (SM): Examples of reconstruction of the functional dependencies, for covariates 1
to 4.

(a) Model 1, uncorrelated design. (b) Model 1, correlated design.
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Figure 8 (SM): Boxplot of errors, high-dimensional models.

(a) Model 9 (b) Model 10 (c) Model 11

m E R o -

: . e =
L SN d e
L-oBa.| [T TTy )T

-4 = 4 L == “ = s _%_

Figure 9 (SM): How stable is COBRA?

(a) Boxplot of errors: Initial sample is ran- (b) Empirical risk with respect to the size of
domly cut (1000 replications of Model 12). subsample 9, in Model 12.
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Figure 10 (SM): Boxplot of errors: EWA vs COBRA
(a) Model 9. (b) Model 10. (c) Model 11. (d) Model 12.

19



Predictions
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Figure 11 (SM): Prediction over the testing set, real-life data sets.

(a) Concrete Slump Test.
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(b) Concrete Compressive Strength.
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(a) Concrete Slump(b)

Test.

Figure 12 (SM): Boxplot of quadratic errors, real-life data sets.
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